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Abstract

We develop an analytically tractable model featuring heterogeneous workers and
firms, where labor markets clear through a one-to-many sorting mechanism. Firms
determine both the number and composition of their employees, shaping (1) the in-
come distribution among workers and (2) the productivity distribution across firms.
We study business cycles driven by market efficiency shocks that disproportionately
benefit more productive firms. The model’s implications are consistent with empirical

regularities on the cyclical behavior of wage and productivity distributions.
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1 Introduction

A prevailing convention in business-cycle studies is to treat firm-level productivity as ex-
ogenous, determined outside the firm’s recruitment decisions. Firms are typically mod-
eled as passive takers of their productivity draws, making hiring and investment deci-
sions conditional on those primitives. Yet this view abstracts from a fundamental aspect
of how firms actually operate: productivity is shaped by whom firms hire. A firm’s ca-
pabilities hinge on the talents it brings in—whether a CEO who sets strategic direction,
a CFO who manages financial structure, R&D personnel who drive innovation, or sales
teams who determine market reach. In many cases, hiring decisions are not responses
to productivity; they are determinants of it. This perspective highlights that productiv-
ity is an equilibrium outcome of how heterogeneous firms and workers sort in the labor
market.

Recognizing productivity as an equilibrium sorting outcome raises natural questions:
how are the distribution of wages and firm-level productivity connected, and how do
they evolve over the business cycle? A salient feature of the productivity distribution is
that its dispersion is countercyclical—widening in recessions and narrowing in booms.!
This variation is typically taken as exogenous, often attributed to uncertainty or volatility
shocks. In contrast, wage inequality, measured as the variance of log wages, exhibits a dis-
tinct cyclical pattern. As shown in Figure 1, the left panel reveals a long-run upward trend
in wage dispersion from Song et al. (2019), along with clear cyclical movements: wage in-
equality tends to rise in economic expansions and contract in recessions, highlighted by
the NBER-dated shaded regions. The right panel, which plots detrended wage inequal-
ity and detrended GDP, makes the comovement more transparent—inequality tends to
track the business cycle. Notably, the patterns differ across episodes. For instance, in the
late 1990s, this comovement was less pronounced: wage inequality remained below its
own trend despite the growth of real GDP. By contrast, wage inequality dropped sharply
during the Great Recession.”

Overall, the data suggest a potential contrast between the two dispersions: while the

ISee, for example, Bachmann and Bayer (2014), Kehrig (2015), Bloom et al. (2018), and Cunningham
et al. (2023).

2Throughout this paper, we focus on wage inequality rather than income inequality, which includes
all sources of income. The figure uses wage income, i.e., labor earnings, and thus only accounts for em-
ployed individuals, whereas income inequality also includes the unemployed—potentially leading to very
different patterns. Additionally, different definitions and measures of income inequality can produce sub-
stantially different results. See, for example, Piketty and Saez (2003) and Heathcote et al. (2020).
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dispersion of wages—reflecting worker performance—tend to increase in expansions,
the dispersion of firm-level productivity—reflecting firm performance—tends to rise in
downturns. These patterns highlight an important feature for understanding firm-worker
interactions over the business cycle.

(a) Wage inequality (level) (b) Detrended inequality and GDP
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Figure 1: Wage inequality over business cycles

Notes: Shaded areas indicate NBER recessions. Wage inequality is measured by variance of individual log
wages. Both series in panel (b) are detrended.
Source: Song et al. (2019) and authors’ calculations.

Motivated by these patterns, we introduce a framework with heterogeneous firms
and workers in which labor markets clear through a one-to-many matching mechanism.
Firms differ in their underlying types, and workers differ in their skill levels. Firms
choose both the number and type of their employees, shaping the distributions of wages
and productivity, which exhibit Pareto tails in equilibrium. Apart from the introduction
of worker heterogeneity and one-to-many sorting, the model is entirely standard, fea-
turing CES demand and decreasing-returns Cobb-Douglas production technology. Cru-
cially, productivity emerges from the equilibrium sorting between firms and workers
rather than being imposed exogenously. In this sense, the model generalizes the stan-
dard heterogeneous-firm framework: without worker heterogeneity or sorting, it reduces
to the canonical setting where productivity is given.

Sorting between firms and workers is sensitive to aggregate conditions: changes in
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the macro environment can shift the composition of matches and thus alter the distribu-
tions of wages and productivity. We introduce a reduced-form market efficiency shock
that operates through time-varying firm-specific wedges on labor and capital prices, rep-
resenting distortions that fluctuate over the business cycle. This reduced-form shock may
capture the compound effects of several underlying structural shocks and disproportion-
ately affects high-type firms. It is designed to generate business-cycle fluctuations that
reproduce procyclical reallocation of labor to more advanced firms, a key cyclical pattern
observed in the data.?

We analytically characterize how the reduced-form market efficiency shocks shape
the cross-sectional distributions of wages and firm-level productivity. A positive shock
induces high-type firms to expand more aggressively, shifting the composition of jobs to-
ward higher-quality positions and thereby widening wage dispersion. Simultaneously,
due to this relative expansion, these firms are matched with relatively lower-type work-
ers, pulling their realized productivity closer to that of low-type firms, which shrink in
relative size, and thus dampening the dispersion of firm-level productivity. This mecha-
nism demonstrates how shifts in the allocation of talent across firms can generate oppos-
ing cyclical movements in wages and productivity, even when underlying technologies
are unchanged. It is consistent with the findings in Crane et al. (2023), who document
that during downturns high-rank workers are more likely to work at low-rank firms,
while low-rank workers are less likely to be employed by high-rank firms.

While the mechanism described above can generate opposing cyclical movements in
wage and productivity dispersions, not necessarily all recessions exhibit this disparity. To
understand the broader range of patterns, we also examine the effects of several structural
shocks. In particular, we consider aggregate productivity shocks and second-moment
shocks that alter the variance of firm types and firm-level distortions. This allows us to
analyze how different shocks shape the joint dynamics of wage and productivity disper-

sions over the business cycle.

Literature review The main conceptual contribution of this work is the finding that,
under reasonable assumptions, changes in the matching function have opposing effects
on the distributions of wages and measured productivity. In particular, the result that
improvements in workers” matches decrease the inequality of measured productivity is,

to the best of our knowledge, completely novel. Combined with the well-known fact that,

3See, for example, Moscarini and Postel-Vinay (2012), Haltiwanger et al. (2018), Crane et al. (2023), and
Haltiwanger et al. (2025).



in a model with worker-firm type complementarities, improvements in workers matches
increase wage inequality (Costinot and Vogel, 2010), this implies our main result: cyclical
fluctuations in sorting cause the cyclical fluctuations of wage inequality and the counter-
cyclical behavior of productivity dispersion.

Our contributions to the literature on labour market sorting extend beyond these novel
comparative statics. First, while frictionless one-to-many sorting models (see Eeckhout
and Kircher (2018) for the most comprehensive theoretical treatment) have been used
to study a wide array of applied questions in labour economics (e.g., Sattinger, 1975;
Teulings, 1995, 2005) and international trade (e.g., Costinot, 2009; Costinot and Vogel,
2010; Sampson, 2014; Grossman et al., 2017; Choi, 2023), we are the first to embed this
framework into an otherwise canonical business cycle model with aggregate uncertainty
and capital accumulation. Second, we develop a novel, tractable specification of the one-
to-many sorting model, which admits a fully analytical solution to the sorting problem.
While this specification draws inspiration from Gola and Zhao (2023), notably by adopt-
ing a similar production function, it improves on their approach considerably by allowing
for exponentially distributed firm and worker types, which is precisely what produces
Pareto tails of wage, productivity, and firm size distributions in equilibrium.

Finally, our paper contributes to the literature on heterogeneous firms in several ways.
First, unlike canonical models that treat firm-level productivity as exogenous, we study
the endogeneity of productivity through equilibrium sorting between heterogeneous firms
and workers. This mechanism generates a rich mapping from firm-worker matches to the
cross-sectional distributions of productivity and wages. In particular, it offers a novel in-
terpretation of uncertainty or volatility shocks. While pioneering studies such as Bloom
(2009), Bachmann and Bayer (2013, 2014), Schaal (2017), Bloom et al. (2018), and Arellano
et al. (2019) introduce these shocks into heterogeneous-firm frameworks as exogenous
drivers of fluctuations in productivity dispersion and aggregate dynamics, we show they
can be partially reconciled as an endogenous outcome of time-varying worker-firm sort-
ing. Second, by incorporating worker heterogeneity, we extend the analysis to wage in-
equality and its cyclical behavior. Finally, the model remains highly tractable, allowing
for analytical characterization of a broad range of cross-sectional and business-cycle im-
plications.

The paper is organized as follows. Section 2 introduces the model, and Section 3
presents the equilibrium analysis. In Section 4, we show how aggregate conditions shape
the cross-sectional distributions of wages and productivity. Section 5 discusses alternative



drivers of business cycles, and Section 6 concludes.

2 Model

In this section, we develop a model that incorporates one-to-many sorting between het-
erogeneous firms and workers. Firms make decisions regarding both the quantity of la-
bor, i.e., the number of workers to hire, and the quality of labor, i.e., the skill level or type
of workers. In this framework, firm-level productivity is determined by not only firms’
own type, but also their match with employee types. We demonstrate that our model
nests a standard heterogeneous-firm model with exogenous idiosyncratic productivity.
Each firm is subject to firm-specific distortions, represented by labor and capital wedges.

The distortions are i.i.d. across firms but are correlated with firm types. Dynamically, we
introduce shocks to market allocative efficiency, modeled as a time-varying correlation
between firm types and firm-specific distortions.

2.1 Household

Time is discrete and runs from zero to infinity. A representative household consists of a
unit continuum of members, indexed by i € [0,1], each endowed with one unit of labor
and skill type follows exponential distribution x; ~ Exp (Ay). The household maximizes

lifetime utility function
(o)

maxEg ) _ B'logC
=0

where C; denotes the aggregate consumption, 3 represents the discount factor. The house-
hold owns all firms, as well as capital and labor inputs. It is subject to the following

budget constraint:

1
Ci+ Kiyq — (1— 8)Ks = /O widi + RK; + Dy, (1)

where K; denotes the aggregate capital stock, J represents its depreciation rate, w;; de-
notes the wage received by household member i, R; represents the capital price, and D;
represents operation profits from firms. Each family member works independently to
earn wages, but their income is pooled together when making decisions about consump-

tion and savings.



2.2 Production

Final good producer There is a competitive sector of final good producers, all of which

produce the homogeneous numeraire good by combining differentiated intermediate goods

jel
Toi-1 \&1
)

The price of final good is normalized to one.

Intermediate good producers There is a unit continuum of intermediate firms. Produc-

tion function follows*
Qt(llklxle) - Atq(xle)k[xl’y/ (2)

where 0 and x respectively denote the type of the firm and the type of worker that is
matched with the firm, k and / represent the capital and labor input. Firm type 6 follows
an exponential distribution 6 ~ Exp (Ag). We assume that « +y < 1. A; denotes a common
productivity component that is identical across every firm. The idiosyncratic productivity

component g(x,0) follows

q(x,0) =exp {x%lﬂ/’} , (3)

where ¢ € [0,1]. Now, productivity depends not only on the firm’s own type 6 but also
on the type of workers x it employs. As discussed below, aggregate conditions affect the
tirm’s hiring decisions, which in turn shape productivity.

Later we will discuss the economic interpretations for each of the functional parame-
ters. For now, it is worth noting that a standard Cobb-Doulas function can be viewed as
a special case of production function (2). Specifically, if ¢ = 0, idiosyncratic productiv-
ity is equal to ?, independent of worker types. In this case, the production function (2) is
mathematically equivalent to a standard Cobb-Douglas function with decreasing-returns-
to-scale (henceforth DRS): e%k*17, where ¢’ can be interpreted as firm-level idiosyncratic
productivity and is itself Pareto distributed. Work type x does not matter for the produc-
tion, and all workers receive the same wage: no wage heterogeneity, just as in a standard

heterogeneous-firm model.

4For notation ease, we omit time and firm-specific subscripts from the functional inputs in the following
analysis.



Distortions and market efficiency shcoks Intermediate producers face demand sched-
ule

Yie = (Pir) "*Y (4)
At time t, firms compete in the labor market by offering wage w;(x) to workers of type
x. We follow Restuccia and Rogerson (2008) and Hsieh and Klenow (2009) by incorpo-
rating market frictions in the form of reduced-form, firm-specific wedges in capital and
labor prices. These wedges introduce distortions that capture inefficiencies in resource

allocation across firms. Given demand y, firms minimize cost by solving the following

Lagrangian problem
gnkinrlwt(m)l + Rk — x [Qi(l,k,m,0) —y]. (5)
,K,mM

The firm-specific wedges 71 and 7> represent distortions arising from market frictions.
Lagrangian multiplier x denotes the marginal cost.

Throughout the paper, we focus on labor market frictions and fluctuations in labor
market efficiency. Specifically, we assume that labor wedge is correlated with firm type
and follows

T — exp(ztG + 61). (6)

where z; is constant across firms, while €; ~ N (0,0%) represents a firm-specific compo-
nent that is i.i.d. across firms. Thus, z reflects the relationship between the (log of) dis-
tortion 7y and firm type 6. In terms of capital market, we assume that capital wedge fol-
lows T, = exp(€;), where €; ~ N (0,03) is ii.d. across firms. For simplicity, we omit the
correlation between capital wedges and firm types. However, the analysis can be read-
ily extended to include type-dependent capital market distortions by modeling capital
wedges, similar to (6), as being correlated with firm types.

Throughout the paper, we assume that z; > 0, Vt. This assumption has two consid-
erations. First, as discussed in Section 3.2, it implies that larger firms tend to allocate a
smaller share of their revenue to wages, a pattern that aligns with well-documented em-
pirical findings.” Second, this assumption is consistent with empirical evidence on the
correlation between distortions and firm size and productivity, which shows that high-

5See Autor et al. (2020).



productivity firms tend to face higher marginal input costs and distortions.® In particular,
Bento and Restuccia (2017) estimate the elasticity of distortions with respect to productiv-
ity across countries and find values ranging from 0.22 to 0.74.

We follow Chari et al. (2007) by introducing time-varying labor wedges into the model.
Specifically, we assume z; follows a Markov process. Fluctuations in z; affect firms asym-
metrically depending on their type 8, with higher-6 firms being more exposed to these
shocks. We intentionally refrain from microfounding this reduced-form shock; instead,
one may interpret z; as capturing the combined effect of multiple underlying structural
forces that vary over the business cycle.

This modeling choice is consistent with empirical evidence showing that labor reallo-
cation toward more productive firms is procyclical. Recent studies by Crane et al. (2023)
and Haltiwanger et al. (2025), using a variety of firm-level productivity measures, doc-
ument that during expansions high-type firms expand relative to low-type firms by re-
cruiting workers who would otherwise be employed by low-type firms. Firm size can
also serve as a proxy for productivity: Moscarini and Postel-Vinay (2012) documents
that employment growth in large firms is more strongly correlated with aggregate eco-
nomic activity than growth in smaller firms. Furthermore, some evidence suggests that
these larger, more productive firms are more sensitive to structural shocks, such as mon-
etary policy shocks.” Finally, Buera and Moll (2015) develop models showing that credit
crunches can be manifested as time-varying input wedges and cause the labor share of
the most productive firms to shrink.

Note that the purpose of this paper is not to identify the structural sources of aggregate
fluctuations. Rather, we examine what happens when better firms expand more during
booms—specifically, how such asymmetric responses shape the distribution of wages and

tirm-level outcomes over the business cycle.

3 Equilibrium Analysis

An equilibrium consists of: (1) a consumption (and saving) path that maximizes the rep-

resentative household’s lifetime utility and satisfies its intertemporal budget constraint;

%See, for example, Hsieh and Klenow (2014), Gourio and Roys (2014), Garicano et al. (2016), and Bento
and Restuccia (2017).

’See, for example, Ottonello and Winberry (2020), Morlacco and Zeke (2021), and Kroen et al. (2021).
However, this evidence is subject to debate, as some studies document opposite effects; for instance, Gertler
and Gilchrist (1994) and Crouzet and Mehrotra (2020).
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2) optimal capital inputs kj;, labor quantities /;;, and labor types x;; that maximize each
tirm j’s profits; and (3) prices for intermediate goods P, the rental rate of capital, R, and
wage schedule for each skill type w;(x) that clear markets for all ¢.

To sum up, the equilibrium definition above is analogous to that in a standard stochas-
tic neoclassical growth model with heterogeneous firms, except that we incorporate one-
to-many sorting: firms’ recruiting decisions now involve both the quantity and the qual-
ity of labor. Labor market clearing requires that the supply of each skill type equals its
demand.

This section presents the equilibrium analysis. We defer the detailed analysis of cross-

sectional distributions to Section 4.

3.1 One-to-many Sorting

We first define a job offer as h = 6. The type of job offers is determined by the underlying
tirm type 6. However, we introduce a separate notation / to distinguish job offers from
tirm types, since the distribution of job offers generally differs from that of 8. In particular,
the distribution of 1 also depends on firm size:

/ / ((,€1,€2) * Agexp(—Agh)dd( l)dCD(UZ)

where fi(h) denotes the probability density function (PDF) of &, and [;(6,€1,€2) repre-
sents firm size. It is immediate that /» and 6 may follow different distributions due to the
incorporation of firm size.

Our framework thus features a one-to-many sorting structure, in which firms endoge-
nously determine their size and post multiple job offers, in contrast to a one-to-one sort-
ing setup where each firm corresponds to a single job. To see this more clearly, consider
a conventional one-to-one sorting framework in which all firms have equal unit size, i.e.,
1t(6,€1,€2) = 1. In that case, we have fi(h) = Age ol implying that & and 6 follow the
same distribution.

To facilitate the analysis, we conjecture that

ft(h) = )Lt exp(—Ath),

that is, the number of job offers follow an exponential distribution with a time-varying

parameter A;. Throughout most of this section, we take this as given. In Section 3.3, we
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verify this conjecture and characterize the equilibrium value of A;.
The function f;(h) can also be interpreted as the labor demand generated by firms of
type 8 = h. On the other hand, the supply of type-x workers is assumed to follow an

exponential distribution, x; ~ Exp(Ay). The corresponding labor supply function is
S(x) = —Arexp(—Axx).

Let h = p¢(x) denote the matching function between a worker of type x and a job offer .

Labor market clearing requires that Vx € [0, 00)

S(x) = D(x) = — Ay (x) exp(—Aepue(x)). (7)
From (7) and that fOOO D;(x)dx = 1, we obtain

() = %x- ®)

The matching function (8) reveals a positive assortative matching (PAM) pattern between
workers and job offers (and thus firms): workers with higher x are matched with firms

offering higher h (and equivalently higher 0).

3.2 Firms’ problem

The firm level state variables can be summarized by (6,€1,€2). Firm-level variables can
be expressed as functions of these state variables. Demand schedule (4) can be rewritten
into

Qi(0,€1,€2) = (Pi(6,€1,€2)) Vs, 9)

where the price is a constant markup over the marginal cost

Pt(9/€1/€2) — Xt(9/€1/€2)' (]-O)

¢
F—1

Next we proceed to analyze the input choices of intermediate firms.
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First-order conditions and wage schedule As to intermediate firms, the firm’s first-
order condition (FOC) with respect to labor input / is given by

XAk T Lexp(x¥h7Y) = w(x), (11)

where x denotes the associated marginal cost. Note that equation (11) implies that the

labor share of a company is equal to %%11, which is negatively correlated with the type of

firm 6.
Similarly, the FOC with respect to worker type x yields
X AWK T exp (xR I = ) ()1 (12)

Dividing the second condition by (11) gives

wi(x) Y oy 1,19
w(x) e (13

Applying the fundamental theorem of calculus, we obtain

wi(x) = wy(0) exp<%<§—j>1-¢x> (14)
Taking logarithms gives
In(wi(x)) = L3105 4 In(,(0)), (15)
YA

a result that reveals log wages follow an exponential distribution—or, equivalently, that
raw wage levels conform to a Pareto distribution.

Equation (15) characterizes how worker types are mapped to their wages. Workers
with higher type 0 consistently receive higher wages. The steepness of this wage-worker
type relationship hinges on two components, each capturing distinct economic tradeoffs.

First, the gradient increases with the ratio %, a ratio determined by production tech-
nology. Here, ¢ quantifies the skill intensity of worker contributions to firm productivity.
Whereas 7 reflects scale intensity, i.e. gains from expanding the workforce. Their ratio en-
capsulates the core tradeoff firms face: prioritizing worker quality (skill) versus quantity
(headcount). A high % ratio signals that quality dominates this tradeoff, forcing firms to

compete more fiercely for high-type workers by offering a steeper wage premium tied to
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worker ability.

Second, the gradient is increasing in ()A‘—’t‘)l_‘/’, a term that reflects the relative thickness
of the job-supply and job-demand tails. The parameter A; governs the tail thinness of the
labor-demand distribution—smaller values imply a thicker upper tail and thus a larger
mass of high-type job offers, while A, plays the analogous role for labor supply, capturing
the prevalence of high-skill workers. The ratio % thus measures the relative scarcity
of high-skill labor compared with high-type job offers: a higher value means firms face
fiercer competition for top talent, pushing the wage gradient steeper to attract skilled
workers.

From equilibrium matching (8), we derive the sorting relationship that links worker
type to firm type:

h=u(x) = %x. (16)

Combining (15) with (16), equation (15) can be equivalently rewritten as

_ A
In(ar(; (1) = 255+ Inwi(0), 17)
X
which characterizes how wages vary across different firms.
It is informative to examine firms” problem given capital stock k and wedge 7;. Sub-

stituting (17) into (11) yields the optimal labor input:

At
Ay

0,k x ) = [0k e T

XAk i) (18)

Note that in our model k and 7 depend on state variables (6,¢1,€2). However, (18) ap-
plies also to a scenario where firm-level capital stock and distortions are prefixed. The
difference v — i captures the trade-off between worker quality and quantity. If y < 1, the
demand for quality overwhelms the demand for scale: The wage schedule (15) is so steep
that firms must shrink their size to afford higher worker quality, holding k and 7; fixed.
In this case, high-type firms optimally operate with a small team of elite workers. This
stands in contrast to a standard framework without worker heterogeneity (a special case
of our model with i = 0), where higher-type firms always hire more workers.

With (17) and firms’” optimality conditions, we can readily express our variables of

interests as functions of firm-level state variables.
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Lemma 3.1. Suppose that in period t jobs h are exponentially distributed with parameter Ay, that
is h ~ Exp (At). Then the equilibrium output Q, rented capital k, marginal cost x and labor hired
1 at firm of type (6,€1,€) are as follows:

Qt(6,€1,€2) = Qrexp ( (qete v€T — oc€2>> (19)
ki(6,€1,€2) = krexp (’79t9 ver — (a + C—ElﬂiQ)Q)) , (20)

(7
<'7

xt(0,€1,€2) = xrexp 3 17(%9 €1 — (x€2>) (21)
11(6,€1,€) = lrexp (17 0 — ( 79y + 1) €1 — g—glﬂgﬂéez) (22)
where
Q_ ¢ o__ oMy 61 o0 ¥ Ay
U) _1+(1_0‘_7)(C_1)’ 1791‘— ’)/Zt—l—(l QD)(Ax) ’ ;79t_ ‘: i 7]91? Zt 'Y()Lx) :

The time-dependent but type-independent constants Qy, ki, x1,I; are defined in the proof of
Lemma 3.1 (Appendix A.1).

In equilibrium, if €; = € = 0, the firm-level variables above, such as firm size I, follow
a Pareto distribution, since the underlying firm type 6 is exponentially distributed. When
€1 and €; are drawn from the assumed zero-mean normal distributions with nonzero
variance, these variables follow a convolution of a Pareto distribution and a log-normal
distribution. Importantly, because the log-normal component decays faster in the upper
tail than the Pareto component, the resulting distributions retain Pareto tails, consistent
with the fat-tailed firm size distributions observed in the data.

14



3.3 Equilibrium Job Distribution

Next we proceed to characterize A;. The PDF of h follows

/‘b/ ((h,€1,€2) * Agexp(— AMﬁMXjﬂd@(z)

o -1
= AGlt/_ooeXP ( (Tﬂ v+ 1) 61) dq’(a—i) /_ooexp (—(:Tinzxez) d@(i—i)
X exp (ﬁéth — /\9h>
= [ xexp (néth - Agh) , (23)

where [} is a constant independent to h.

Therefore A; solves the following equation

_)‘tzﬂét_/\é
_(E-D(r -y -a) —y) (ﬁ)l”_ 1+ -1)(1—a)
YA+ (1—a—9)E-1) \As I+ (T—a—7)(¢—1)

Zt — /\9. (24)

Lemma 3.2. There exists a unique solution Ay € [0,00) to equation (24).
Proof. See Appendix A.2. O

The existence of this solution confirms our conjecture that an equilibrium with an
exponential job offer distribution, 1 ~ Exp(A;), indeed exists. Our model falls into the
generic class studied by Eeckhout and Kircher (2018), who establish the uniqueness of
the equilibrium matching function and firm size distribution in this environment. Taken
together with our result, their uniqueness theorem implies that the exponential distribu-
tion we conjecture and verify is the only distribution consistent with equilibrium in our
setting.

Figure 2 graphically depicts the two sides of equation (24) as functions of A;, repre-
sented by the two curves. Their intersection identifies a unique equilibrium value A; > 0.
Combined with the parameter governing the distribution of worker skills, Ay, this equilib-
rium allows us to pin down the assortative matching pattern between firms and workers
described in equation (8).

Note that we must still impose fooo fi(h)dh = 1, or equivalently, [; = A;. Together with
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Figure 2: Equilibrium determination of A;.

equation (24), this identity completes the labor-market clearing condition. Recall that

~ — 0 _ 1 00 o 1

= drexp (5 [(51%y + 1) + (S %)"c3))

where I, derived in Appendix A.1, is given by

1
14 m

—_

a(§) ') («(3) Ho

)
w(0)) R;

=0

Iy =

1; is a function of aggregate variables w;(0), R, and Y;. We next move to characterize

these objects.
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3.4 Aggregate Variables

Prices and aggregate output We can use market clearing conditions to characterize the
remaining equilibrium variables. First, as noted above, the labor market clearing condi-
tion [;° fi(h)dh =1, implies that

= )\l’/ (25)

where

B = exp (5 (1% + 1)70F + (%) ] ).

Equation (25) provides a relationship among w;(0), R;, and Y;. Importantly, A; is sepa-
rately characterized from the job distribution equation (24), which does not involve w;(0),
R¢, and Y;.

Next, capital market clearing requires aggregate capital supply to equal aggregate cap-
ital demand:

K, = / / / ke(6,€1,62) * Agexp(— A99)d9d<1>(01)d<1>(02)

where the LHS, K;, represents capital supply, an aggregate state variable predetermined
at t, while the RHS aggregates firms’ capital demand. Substituting equation (20) and the
expression of k; yields

K¢ = Mgk x /0 exp (%17 5o — Aee) do
~ 610 €1 6-19 LL €
X/Ooexp( § n ’yel)dcb(al)x/ exp( ; n~(a+ = Q) z)dCD(Uz)
10y
_A9B20( C:,( th (26)
where ”
exp [% << 17Q'y) 0% + (C%lmyQ—Fl) Uf)]
BzE

¢—1
Ag — TUQW%
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provided that Ay — g—ganng > 0, otherwise capital demand becomes unbounded. Equa-
tion (26) therefore delivers a second equilibrium condition linking w; (0), R¢, and Y;. Com-
bining it with equation (25), we can represent prices w;(0) (and the entire wage schedule)
and Ry as functions of aggregate state variables and aggregate output Y;.

Finally, the aggregate output Y; follows

= [ [ s ae)Qi@e e ep(-A)dnde( e ). @

The supply of each intermediate good is equal to its demand

X B ene) Y, (28)

QrOere2) = (7

which be substituted into (27) to get

01 02

1_/ / /{ 1)&961,62)11_6)\96xp( —10)d0dd()dd(2). (29

Hence

1

< [ exp (—g—glin'yeO dd(—) x /oo exp (——nQaQ) dd(—=)
_61 16
=A¢B3Q,° Y, ¢, (30)
where )
exp {% (<5—5117Q'y> 0% + (—(an> 02)}
B3 = (: — .
Ag — T’? ey

Equation (30) is therefore another equilibrium condition of w;(0), R, and Y;. Together
with (25) and (26), the three equations determine the three unknown variables {w;(0), R, Y }

uniquely for given agegregate state variables. The results are presented in Appendix A.3.
quely g ggreg P PP

Consumption and investment Finally, we aggregate our previous results to character-
ize the dynamics of consumption, and ultimately the evolution of the endogenous ag-
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gregate state variable K;. At the aggregate level, the model behaves analogously to a
stochastic neoclassical growth model. Aggregate consumption satisfies the representa-
tive household’s Euler equation

:BEtC&[Rt—H +(1-9)] =1, (31)
t+1

together with the intertemporal budget constraint
Cr+Kip1=(1-8K + Y +YF+ Y7 (32)

where Y/, Y, and Y# respectively denote aggregate labor income, capital income, and

distributed profits. These objects are given by

R LIV G, (33)
Ao — TWQ%t +zt

Y{ = argByi Qs (34)

Y = (C—El — 7 — &) AgBax:Qr. (35)

The terms ¥ and Q; are obtained from our previous analysis. Note that Y, YF, and Y¢ do
not add up to the aggregate output Y}, because wedges from market distortions generate

resource losses that drive a gap between factor payments and aggregate output.

4 Micro Implications

The framework developed above enables an analytical examination of cyclical fluctua-
tions in micro-level distributions. In this section, we focus on two key margins: wages,
which serve as a quantitative measure of employee performance, and productivity, which
reflects employer effectiveness. Specifically, we study the dispersion of these variables
and analyze how it evolves over the business cycle.

We study business cycles driven by fluctuations in z;. Higher-type firms are more
sensitive to these changes, since the shocks have a larger impact on firms with greater 6.
These changes induce shifts in the composition of labor demand, which in turn alter the
sorting pattern between firms and workers.

To begin with, consider how a decline in z; affects the equilibrium job distribution
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parameter A;. Recall that A; is determined by equation

—At = g(At,z¢)

(E-D(r—pA—-a) =) (AN 1+ @E—1)1—a)
YA+ (1-a—7)(¢-1)) (A_x) _1+(1—a—7)(§_1)zf_/\9- (36)

Figure 3 illustrates the comparative statics following a decline in z;: the function (A, z¢)
shifts upward, leading to a lower new equilibrium A;. A formal proof is provided in

Appendix A.4. The main result is summarized as follows.

Lemma 4.1. When z; decreases, the equilibrium job distribution parameter A; decreases.

S| — st
9GAeze) e
© ey et
e
S o0
S
_1 .
_2 .

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
A¢

Figure 3: Equilibrium determination of A; following an decrease of z;
Notes: The figure plots a decrease of z; from z, to z;. The RHS of equation (36), g(A¢,z¢) shifts upward.
We can infer from the matching function (8) that during episodes of high z/—which
correspond to lower aggregate allocative efficiency—worker—firm sorting deteriorates,

with workers being matched to inferior firms. This mechanism is reminiscent of the find-
ings in Crane et al. (2023), who document that during downturns high-rank workers are
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more likely to work at low-rank firms, while low-rank workers are less likely to be em-
ployed by high-rank firms.

Note that z; is a reduced-form shock, designed to abstract from the micro-foundations
of market frictions and their interactions with aggregate shocks. A decline in z; generates
aggregate expansions in which better (or higher-type) firms expand relatively more. In
reality, however, business cycles can arise from a variety of structural shocks, each poten-
tially producing different patterns in micro-level distributions. In Section 5, we use our
theoretical framework to examine the effects of some of these structural drivers on labor

market and productivity distributions.

4.1 Wage Inequality

Recall that the wage schedule is given by

Axy1-
Inan(x)) = (542 + In(a 0)). @)
T M
Hence the dispersion of wages is
A . _
Vari(logw) = (22552 2.2 = (D)2 a2 (39)

Since a decline in z; reduces A, we obtain the following result.
Proposition 1. When z; decreases, wage inequality, Var;(logw;;), increases.

Intuitively, a decline in z; enables high-type firms—those offering high-type jobs—to
expand more aggressively. This shifts the composition of job offers toward the upper tail,
increasing the relative mass of high-type offers in the labor market. Consequently, the
wage schedule steepens as competition intensifies, even in the absence of any change in

labor supply. This results in greater wage dispersion.

4.2 Firm-level Productivity

It is well established in macroeconomics that firms exhibit heterogeneous responses to
aggregate shocks, particularly in terms of output and investment. What sets our frame-
work apart is that this heterogeneity extends beyond output and investment to measured

productivity, which also reacts differently across firms.
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There are various ways to measure firms’ productivity:
log TFPj; :=logyjt — alogk;; — ylogl; (39)

where y;; can refer to either the output quantity or revenue of firm j, depending on
whether we aim to measure quantity-based productivity (TFPQ), or revenue-based pro-
ductivity (TFPR).

Let us first consider the physical productivity, i.e. TFPQ. Using (3) and (8), we obtain

-1 ¥ 1-y /\t P
log TFPQ(6) = (17(8)) " 01~ = (34)Ye. (40)
Ax

Thus, TFPQ reflects only the intrinsic productivity of the firm and does not depend on
tirm-level distortions €; or €, which capture external market frictions. Its dependence
on the aggregate state z; is only indirect, operating through the effect on the job-type
distribution parameter A;. Similar to the distribution of wages, the distribution of TFPQ
across firms is also Pareto.

The dispersion of log TFPQ)j; at time ¢ is therefore

Var(log TFPQj;) = (ﬁ)wVar <91_¢'> = (ﬁ)w)\_2
] Ay Ay 0

We already know that a decline in z; reduces A;. This immediately yields the following

result.

Proposition 2. When z; decreases, the dispersion of firm-level log TFPQ, Var;(log TFPQj;),
decreases.

Intuitively, when z; falls, high-type firms expand more aggressively than their low-
type counterparts. This expansion shifts the composition of the labor market: high-type
firms must increasingly hire lower-skill workers. As a result, their physical productivity
is pulled down relative to that of low-type firms, compressing the overall dispersion of
TFPQ.

Next, we turn to revenue-based productivity, TFPR. By definition, TFPR is the product
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of TFPQ and the price of the intermediate good. From (21), we obtain

Q A
log TFPR (6,€1,€2) = logg—gl - % (%Qf@ — el — ocez) + (378
Q
= g ﬁ ¥ _ '7Q779t f
_10g6_1+ ()\x) g 0 + 7 (ve1 + aep) (41)

Unlike TFPQ, TFPR responds directly to firm-level distortions, as these distortions shift
marginal costs and thus affect pricing decisions. Through its price component, TFPR
therefore reflects not only "pure" production efficiency but also the impact of distor-
tions and demand conditions. Importantly, higher TFPR may actually be associated with
greater distortions, since distortions can raise marginal costs and thus inflate prices. As
with firm sizes, TFPR also displays a Pareto tail.

The dispersion of log TFPR; at time ¢ is given by

2

A Q,Q Q

Var;(log TFPR;;) = [(A_f)lP _ %] A2+ (Ug )2 (72(712 + oﬂazz) (42)
X

We can now state the main result.

Proposition 3.
Q
At 7%
(Ax ) C

Moreover, when z; decreases, the dispersion of firm-level revenue productivity, Var;(log TFPRj;),
decreases.

Proof. We have

Q,,Q
G = ey e 0
iy A 7 .
RS R R A Wl ey g g VL

Both terms on the RHS are strictly positive. Moreover, a reduction in z; reduces each term,
and therefore reduces the expression as a whole. Q.E.D. O

The change in TFPR dispersion reflects shifts in both the dispersion of TFPQ and the
dispersion of prices (or, equivalently, marginal costs). Mathematically, the impact of z;
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operates through its effect on the term

Ay ¢’

The first component, (A;/ Ax)l/’, always decreases when z; falls, as shown earlier. The

second component,

At

Q,,Q
S e - -9, (43)

¢ 1+(0-a-7)¢

embeds two opposing forces. A lower z; reduces the dispersion of firm-level distortions,

compressing the dispersion of marginal costs and therefore prices—this corresponds to
the first term on the RHS. At the same time, the change in the matching pattern increases
marginal costs through —(A¢/A,)¥, a force increasing the dispersion of marginal costs, as
indicated by the second term on the RHS. However, as shown in the previous proof, the
forces is outweighed by the decline in (A¢/Ay)Y¥, i.e. the direct effect operating through
TFPQ. Consequently, the overall term unambiguously decreases when z; falls, implying
that the dispersion of TFPR decreases as well.

Robustness As the response of the productivity distribution to changes in the match-
ing functions is the main result of this article, it is natural to wonder about the extent
to which it is driven by our functional form assumptions. In our specification improve-
ments in firms” matches increase log TFPQ multiplicatively. While this very particular
form of dependence is unlikely to hold in more general models, it is also clearly not nec-
essary for the larger conclusion to hold. Indeed, what suffices is that improvements in
tirms” matches improve the distribution of TFPQ in a strong enough sense, specifically in
the hazard rate order (HRO) sense (see Section 1.B in Shaked and Shanthikumar, 2007),
and that the equilibrium distribution of log TFPQ has a decreasing hazard rate (DHR).
These conditions ensure, by Theorem 3.B.20 in Shaked and Shanthikumar (2007), that the
distribution of log TFPQ becomes more unequal in the sense of the dispersive order (see
Section 3.B in Shaked and Shanthikumar, 2007), which in turn implies an increase in the
variance of log TFPQ. Both of these conditions are satisfied in our specification, because
the exponential distribution has a constant hazard rate and a proportional improvement
in log TFPQ implies an improvement in the hazard rate order sense for any distribution

with a decreasing hazard rate.

24



Parameter Description Value

o Capital intensity 0.3
0% Labor intensity 0.6
0 Depreciation rate 0.10
B Discount factor 0.96
¢ CES elasticity of substitution 9
pi Prob of staying inaboom  0.977
Pn Prob of staying in a recession  0.688
) Std of &> 0

Table 1: Fixed Parameters

It remains an open question what general conditions would ensure that the equilib-
rium log TFPQ distribution is log-convex and that aggregate shocks improve said distri-
bution in HRO sense.

4.3 Numerical Exercise

Next we move to a numerical illustration. Consider an environment in which aggregate
fluctuations are driven exclusively by the reduced-form market efficiency shock z;. The
model is simulated by feeding in a stochastic process for z;, which follows a two-state
Markov chain taking values {0,z }, corresponding to boom and crisis states. The transi-
tion probabilities (p;, pj,) govern the persistence of each state, representing the probability
of remaining in a boom or a crisis, respectively.

Calibration We calibrate the model at an annual frequency. Table 1 reports the param-
eters fixed a priori, including standard macroeconomic values such as capital intensity
« = 0.3, labor intensity 7y = 0.6, depreciation § = 0.10, discount factor g = 0.96, and CES
parameter { = 9. The Markov transition probabilities (p;, pj,) are taken from Khan and
Thomas (2013) to match the durations of booms and crises. For simplicity, we set 0, = 0.
As established earlier in this section, 03 is isomorphic to o7 in the computation for the
second moments of our interests.

The remaining parameters are calibrated by minimizing the sum of squared deviations
between model-implied moments and their empirical counterparts. The model is simu-
lated for 10* periods, and all moments are computed using the final 9,900 observations to

eliminate the influence of initial conditions.
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Panel A: Calibrated Parameters

Parameter Description Value
P intensity of worker type x 0.4022
Zp Z in a recession 0.3984
Ag distribution of 0 (type of firms)  2.6160
Ay distribution of x (type of workers) 0.8681
(%] Std of €1 0.2293

Panel B: Targets and Model Fit

Moment Data Model
Labor share 0.6097 0.6102
Wage inequality 0.7666 0.7666
Share of revenue of top 10% firms 0.9074 0.8906
Share of revenue of top 50%-top 10% firms 0.0842 0.0840
Std of TFP 0.0090 0.0090

Table 2: Calibration and Model Fit

Notes: Labor share data and TFP data are retrieved from FRED. Wage inequality is from Song et al. (2019).
Shares of revenue are from Kwon et al. (2024). All the moments are calculated over year 1978-2013.

We target three classes of moments. First, we discipline the cross-sectional distribu-
tions of workers and firms by matching overall wage inequality—measured as the stan-
dard deviation of log wages—as well as the concentration of firm revenues, captured by
the revenue shares of the top 10 percent of firms and of firms between the 50th and 90th
percentiles. Second, we target the aggregate labor share, which in our framework reflects
distortions arising from labor market wedges, as discussed in Section 3.2. Finally, we
target the volatility of aggregate productivity, measured by the standard deviation of ag-
gregate TFP. Wage inequality moments are taken from Song et al. (2019), firm revenue
distribution moments from Kwon et al. (2024), and aggregate labor share and TFP from
FRED. All empirical moments are computed over the 1978-2013 sample. Table 2 reports
the calibration results: Panel A presents the calibrated parameter values, while Panel B

compares the targeted moments with their model-implied counterparts.

Impulse responses Figure 4 reports the average impulse responses to an increase in the
market-efficiency shock, z; = z;, which corresponds to a deterioration in allocative effi-
ciency and hence a recessionary episode. The top-left panel shows that aggregate TFP de-
clines on impact, reflecting the worsening allocation of labor across heterogeneous firms.
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Aggregate output falls by an even larger magnitude, driven both by lower TFP and by a
gradual contraction in the capital stock.

Impulse Responses — Zt:Zh

Output and TFP Variance of TFPQ

0.02 0.1
0 —— 0.08t
7
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Figure 4: Impulse responses to a market-efficiency shock

The remaining panels illustrate how the shock reshapes cross-sectional distributions.
The variance of firm-level quantity productivity (log TFPQ) rises sharply on impact and
remains elevated for several periods, indicating an increase in productivity dispersion.
Intuitively, as market efficiency deteriorates, high-type firms contract disproportionately
and concentrate employment on their most productive workers, amplifying differences
in measured productivity across firms. A similar dynamic is observed for the disper-
sion of firm-level revenue productivity (log TFPR), which also increases before gradually
converging back to its steady state.

In contrast, wage inequality declines persistently following the shock. As allocative ef-
ticiency worsens, high-productivity firms shrink and high-type positions become scarcer,

flattening the wage schedule across worker types and compressing earnings dispersion.
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Taken together, the impulse responses highlight the central mechanism of the model:
market-efficiency shocks generate opposing cyclical movements in productivity disper-
sion and wage inequality—productivity dispersion rises while wage dispersion falls dur-
ing downturns—mirroring the key empirical regularities.

The magnitudes of the impulse responses are economically significant. The responses
of GDP and aggregate TFP are reported in log differences. Following a simulated crisis—
that is, a transition to the low-efficiency state—GDP contracts by more than 9 percent
on impact, reflecting both a decline in allocative efficiency and a gradual reduction in
the capital stock. The remaining panels report level deviations from their unconditional
means. When z; = 0, the variances of log firm-level productivity (TFPQ) and log firm-
level revenue (TFPR) are 0.1203 and 0.0546, respectively; when z; = z;, these variances
increase to 0.2254 and 0.1330, indicating a substantial widening of productivity and rev-
enue dispersion during crises. In contrast, wage inequality declines sharply, falling from
0.7901 in booms to 0.3132 in recessions.

While the quantitative responses are large relative to available empirical estimates,”®
they reflect the stylized nature of the experiment and serve to highlight the strength of
the model’s underlying mechanisms. When aggregate TFP fluctuations are driven jointly
by the reduced-form market efficiency shock z; and the aggregate productivity shock A,
the implied volatility of z; is smaller than in our numerical experiment. As implied by the
analysis in Section 5, the resulting fluctuations of other endogenous variables are closer
in magnitude to those observed in the data.

5 Structural Drivers of Business Cycles

For simplicity and clarity in both exposition and notation, we have focused exclusively
on aggregate fluctuations driven by time-varying z;. As noted earlier, we do not model
market frictions explicitly, so z; should be interpreted as a reduced-form shock capturing
the combined influence of multiple structural shocks. The benefit of this approach is that
it delivers closed-form implications for the distributions we care about.

That said, no two booms or recessions are necessarily alike, since they may arise from
different underlying forces. Macroeconomists have proposed a range of structural shocks
to account for business-cycle dynamics. We now examine the implications of several such

shocks within our framework.

8See, for example, Kehrig (2015) and Cunningham et al. (2023).
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Productivity shock One of the most common shocks in business cycle models is the
aggregate productivity shock. Recall that the production function is

Qf(llk/ X, 9) - Atq(x, G)klxlry,

where A; denotes an aggregate productivity shock. Our earlier analysis shows that A; is
independent of A;, and that A; does not affect the sorting equation (8). Consequently, in
our framework, productivity shocks do not influence the dispersion of wage or produc-
tivity.

It is important to emphasize, however, that we have treated the micro-foundations
of market distortions as a black box. In a model with explicit micro-founded frictions,
firms of different types may respond heterogeneously to productivity shocks. Therefore,
our result should not be interpreted as a general claim that productivity shocks never
alter sorting patterns or dispersion moments. Rather, within the current framework, pro-
ductivity shocks leave sorting and dispersion unchanged precisely because they do not
generate any relative compositional shifts across firm types in the labor market. Without
such shifts, the underlying worker-firm matching and the associated dispersion of wages

or productivity remain unaffected.

Second-moment shocks Thus far, we have not imposed any specific structure or as-
sumptions on the idiosyncratic process of firm type 6. We have only assumed that 6 ~

Exp (Ag). Consider the following simple idiosyncratic process

A L 0t with probability p,
jt+1 — ) .
p0;++ €141, with probability 1 — p,

where €11 ~ Exp(Ay) is i.i.d across firms and time. The process ensures that 6 follows an
exponential distribution with fixed Ayg.

We can extend this framework to allow for a time-varying distribution of 6 by consid-
ering the following process:

0. . — P04, with probability p;y1,
i+l = . .
p0;++ €1, with probability 1 — p;yq,
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where

A
err1 ~Exp(Agrr1),  pra= 2 /\G'tH
0.t
L
For all t, Ag; € {)\L,Aé{ } and follows a Markov process, with )\5 < Aéi < %9 This process

guarantees that 6 ~ Exp (Ag;) with a time-varying Ay; evolving according to a Markov
process.

Note that the shock to Ag is not purely a second-moment shock: a decrease in Ag
increases both the variance and the mean of 6.

How does a fall in Ag; affect the distribution of jobs? Using equation (36), we see that,
similar to a decline in z;, the decrease in Ag; reduces A;. From equation (38), it then follows
immediately that wage dispersion increases.

However, unlike the reduced-form shock in z;, a decrease in Ay also increases the
dispersions of firm-level TFPQ and TFPR. As shown in Appendix A.5, this type of shock
shifts wage inequality and productivity dispersion in the same direction.

Another way to introduce second-moment shocks is through time-varying variances
of €] and €, the labor and capital wedges that are independent to firm types. For example,
one can consider the following processes:

logoy = p1logo—1 + et

log oy = palogop—1 + €24

where e1; ~ N (0,07), and &5 ~ N (0,07).

From equation (36), it follows that the variances of €; and e;—distortions uncorre-
lated with firm type 6—do not affect A;. Consequently, shocks to these variances have no
impact on the dispersion of wages or TFPQ, nor do they alter coefficients such as < or
17(% . However, as indicated by equation (42), such shocks can influence the dispersion of

TFPR: Increases in 0y; or 0y; raise the dispersion of revenue productivity across firms.

6 Concluding Remarks

This paper develops a tractable model in which heterogeneous firms and workers sort
in the labor market, allowing productivity and wages to emerge endogenously from the

allocation of talent across firms. We introduce a reduced-form market efficiency shock
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that affects high-type firms more strongly and show analytically how it generates op-
posing cyclical movements in wage and productivity dispersions—wage dispersion rises
in booms while productivity dispersion narrows—mirroring key empirical patterns. We
turther explore how alternative structural shocks, including aggregate productivity and
second-moment shocks, shape these distributions and their joint dynamics. Taken to-
gether, the framework provides a unified way to interpret business-cycle fluctuations in
both wage inequality and productivity dispersion, reconciling several empirical regular-
ities within a single, highly tractable theoretical framework.

A limitation of our approach is that market distortions enter in reduced-form through
tirm-specific wedges on labor and capital prices, while market efficiency shocks are mod-
eled as time variation in these wedges. This modeling choice preserves analytical tractabil-
ity and allows us to derive sharp, closed-form implications for the joint behavior of wage
and productivity dispersions. An important direction for future work is to embed the
same sorting mechanism into a fully micro-founded environment with explicit market
frictions, structural shocks, and firm entry and exit. Such a framework would necessarily
rely on numerical solution methods but would permit a richer quantitative assessment of
how alternative frictions and shocks shape the co-movement of wages, productivity, and
other variables over the business cycle.

The analysis in this paper abstracts from unemployment and matching frictions: all
workers are employed, and matches form without search. Incorporating unemployment
and search-and-matching frictions would again require numerical solutions, but doing so
would open an important avenue for future work. In the current framework, the focus
is naturally on wage inequality, which reflects dispersion in labor income among employed
workers. While wage inequality is an important and widely studied object, introduc-
ing unemployment would allow us to study an additional—and empirically crucial—
dimension of income inequality. Recent evidence suggests that income inequality is coun-
tercyclical, with unemployment playing a central role.” Understanding the sources of dis-
parity between wage inequality and income inequality is a promising direction for future

research.

9See, for example, Heathcote et al. (2020).
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Online Appendix

A  Omitted Proofs and Derivations

A.1 Proof of Lemma 3.1

First, given Q;, we have

¢—1 1
_ ~-10.,° Y¢ 1 _-1 1 _ _ ES
R e i s R L R Ol
Using the identity
Qr = Aktl,
we obtain

Q
i a NG K

< gt « c—1¢

— A [ —— = 5 Ty

o [ t<wt(0)> (Rt> ( ¢ ! ) ]
The markup for an intermediate good is a constant ;‘% From (4),
Qir) ¢¢—-1
Xit = (Tf) CT (44)

The first-order condition with respect to capital yields:

Nat

Further, substituting (18) and (17) into (11) gives

_ 1—¢ A
th = thlletwt(O) exp (_‘/’(A_i)q;@jt)

1
YAXjt 7
1—7v <ZUt(O)let)> kjt] ' (40)
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Next, substituting for x from (44) and for k from (45) results in

1—-9 A
Qjr = wi(0)Tjrexp (ﬁ(A—;)lPeﬂ)

‘ —_

X

1 1
1 -1 Qit\ ¢ &-1 Qit\ ¢ é-1..
(%) o) | [oa(5) ) [+(R) R
Y: G wt(0)T1jt) Tjt Rt

where
T =exp(z:0 +€1),

T, = exp(€e2),

and after simple rearrangements, (19) follows. Similarly, (21) and (20) follow from substi-
tuting (19) into (44) and (45), respectively. Finally, (22) is the result of substituting (6), (20)
and (21) into (18).

A.2 Proof of Lemma 3.2

The LHS of equation (24) is decreasing A; and ranges from 0 to —co. We denote the RHS
as ¢(A¢). Our objective is to prove that the equation G(A¢) = g(A¢) + A+ = 0 has a unique
solution A; € [0,00).

First, let us consider the scenario where

E-D(r—ypQ—-a)—yp>0,

i.e. ¢'(x) > 0. It is immediate G(0) < 0, limy_ G(x) — 00, and G'(x) > 0 for x € [0,00). It
is straightforward G(x) = g(x) + x = 0 has a unique solution x € [0,0).
Second, let us consider the case

C=D(r=v(1-a)) -y <0

Now we have G”(x) > 0 for x € [0,00). Again, we have G(0) < 0, limy_,co G(x) — oo0.
Since G is continuous on [0,00), the conditions G(0) < 0 and limy_,« G(x) > 0 imply, by
the Intermediate Value Theorem, the existence of a point x* > 0 such that G(x*) = 0.
Hence a solution exists.

Because G”(x) > 0 for all x > 0, the function f is strictly convex on [0,00). Strict con-
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vexity implies that there exists a unique point m € IR at which G attains its global mini-
mum, and that G'(m) = 0. We distinguish two cases according to the location of m.

Case 1: m < 0. For any x > m, strict convexity implies G'(x) > G'(m) = 0. In particular,
G'(x) > 0 for all x > 0, and therefore G is strictly increasing on [0,00). Since G(0) < 0
and G is strictly increasing, the equation G(x) = 0 has at most one solution in [0,0).

Combined with existence, this solution is unique.

Case 2: m > 0. Strict convexity implies that G is strictly decreasing on [0,m] and strictly
increasing on [m,o0). Since m is the unique minimizer and G(0) < 0, we have G(m) <
G(0) < 0. Consequently,

G(x) <0  forallx € [0,m], (47)

so no solution to G(x) = 0 can lie in this interval. Any solution must lie in (m,00), where
G is strictly increasing. Thus at most one such solution exists. Together with existence,
the solution is unique.

In both cases, the equation G(x) = 0 has exactly one solution on [0,00), which com-

pletes the proof.

A.3 Derivation of {w;(0),R;,Y;}

For notation ease, define

¢—1
K=2—.
4
We have
1
MB3Q,f Y, ¢ =1
: e
Using = > )
AgB3QpY; * =1
Thus,
Y} * S 1/x 3 a
@ =MB; = Y= Qt(AGBC%) = Qt(AGB?))é_l :
Define

M = (AgB3)V/¥,

SO
Yt = MQ_t
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Next, we have ,

Skv1/8

Qi _ g,
R;

AgBoa

Substitute Yy = MQy:

Q¢ = QF(MQy)/E = MVEQETTE.

Thus,
o, AaBawc M/EQETE
= K .
Since x + % =1:
R, — /\QBQDCKMl/CQt
t K, .
1
Using M'/¢ = (A\gB3) &1
- 1
Rt _ /\nglXK Qt()LQBg) ¢-1
K; '

The labor market clearing equation is

)\gBl
Since Y
Q MU/E
Y; ’
we get
1
YAMY ek [ aMY 1
AgBq = At
wt(O) Rt
Now use _
DCMl/gKQt K[—
R AgB2
Thus, 1
A ML/¢E K a| -y
AgBy | YAM [ K — A
wt(0) AoB2




Raise both sides to power (1 — ):
YAM ¢ ( K; )"‘ B ( At >1—7
wt(O) /\QBQ )\GBl .

K \*/ A \771
= yAMY/¢ d d :
w0i(0) = 7AM K(/\aBz AgBq

Since M/¢ = (Ang,)ﬁ:

a0 AN K\
=A -1 .
w(0) +7k(AgB3) (/\931) (AQBZ

We are now ready to solve Q;. We have:

o= () (2) (1]

Solve for w;(0):

Use Y; = MQy:
Ytl/(f _ (MQt)l/C — Ml/CQ‘}/é‘_
Thus o e
(KYtl/C)zx—&-’y _ K'H—,YM%Q,; T
Also

44 @ Kt & =_a —a/E
(E) _<)\932K) QM

B o —a+ 0
Qr = [AKEK A "By “MY ¢ (v /wi (0)Q,  © 17,

Combine terms:

and define

v
Cin = AKIKTA By * MT/E <%@)) .

Then the fixed point is

ety
_lx—l—g

_ U
Q= {Cith ] .
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Take logs to get:
_ o+ _
log Qr = 7%1og Cin + 19 (—zx + T’y) log Q.

Then rearrange terms:

{1 — 59 (—zx - HTIY)] log Q; = 7%10g Cin.

Thus
n Q

1—7y9 (—oc + “?)

IOg Q_t = log Cin-

Finally, exponentiate:
Q
1
- 17;7Q 70¢+’H—’y
0 =c

The final solutions can be represented as follows

1 /\t 71 Kt “
— ¢—1
wt(0) = Apyx(AgB3) ()\931) <)Lng ,

9
1-9Q (et “127)

Q_l’ = Cin ’

Y = MQ;,

1

. /\9B2[XK Q—t ()\933)5*1
= Kt .

Ry

A.4 Proof of Lemma 4.1

Consider the equation
G(x;z) =bx¥ +x—2z=0, x € [0,00),
with 0 <3 <1and z > 0. Define

H(x)=bx¥ +1x,
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so that the solution x(z) satisfies H(x) = z. G(x;z) corresponds to equation (36) if we

o (E=D(r—y(1-2) —y) (i)‘”
o+ A —a=n)E-1)) \AJ
1+ (¢ —-1)(1—a)
1+ (1—a—7)(E—-1)
Our objective is to prove the solution of G(x;z) = 0, x(z) increases with z.
Case 1: b > 0. Then

denote

z

Zr + )\9.

H'(x)=1+bypx¥1 >0 forallx >0,

so H is strictly increasing. By the implicit function theorem,

dz 14 bypxv=1 7~ 7

Hence x(z) is strictly increasing in z, and a decrease in z necessarily decreases x(z).
Case 2: b < 0. Then

H'(x)=1+bpx¥"1,  H'(x)=byp(p —1)x¥"2 >0 for x >0,

so H' is strictly increasing. There exists a unique x* > 0 such that H'(x*) = 0. Therefore, H
is strictly decreasing on (0,x*) and strictly increasing on (x*,00). Since H(0) =0and z > 0,
the solution x(z) must lie on the increasing branch, i.e. x(z) > x*, where H'(x(z)) > 0.

Applying the implicit function theorem again gives

dx 1

e = el

Conclusion. For all real b, under 0 < ¢ < 1 and z > 0, the equation bx¥ + x —z =0
has a unique solution x(z) € [0,00), and x(z) is strictly increasing in z. In particular, a

decrease in z necessarily decreases x(z). [
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A.5 The effects of shocks to Ay

Consider the equilibrium condition

P
—A=b <ﬁ) —dzi — Mg, (48)
Ax

where all variables are strictly positive, 0 < ¢ <1,d > 0, and z; > 0. This equation implic-
itly defines Ay = A¢(Ap).

. : A\ 2
Step 1. Comparative statics for ()T,i) Ag“.

24
A= (ﬁ> ,  B=AMAZ
Ax

By the implicit function theorem, differentiating (48) with respect to Ag gives

Define

A 1
Mg 14 bypA YA

> 0.

Taking logarithms of B and differentiating:

19B __ 10A 2 P 1
B aAg AtdAg  Ag M1+ bypAc YAV Ae )
From (48), we can write

Ao = Ar(1+bALAY Y — dz,

so that
14 < 1
A(1+bpALPAYTY  Ae
Hence
»
0Ag '

This shows that B = (A;/Ax)?¥A;? increases when )y decreases.

Step 2. Comparative statics for (e(A¢/Ay)?Y + mzt)z)\g_ 2,
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Here we have e > 0 and m > 0. Define

2y
A= (%) , S= (eA + mzt)z/\e_z.
X

Take logarithms and differentiate with respect to Ay:

1 9S . ea)\gA _ 2
SdAy N eA+mz; Ay

Since A = (A;/Ay)?¥ and A, is constant, the chain rule gives

21/1—1L a)\t o A aAt

PA=Z AT ax, =2 o

Here we used the identity A = (A¢)?¥/(Ay)?¥.
From Step 1, we already have

oAy 1

= > 0.
Mg 14+byA Al

Substituting into the derivative of S:

Az (oA + mz)M(1+byAy AT T AL+ bpA AT

Finally, using the inequality established in Step 1, we conclude

dS

8_/\9<0’

so S increases when Ay decreases.

Conclusion. Both quantities

/\t 2y 2
B:(T) AgZ S=(e(M/Ax)™ +mzy) A2
X

are strictly decreasing in Ag. Section 5 shows that the TFPQ dispersion can be expressed
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as B, and the TFPR dispersion can be expressed as
%2 (22, 22
'wnmgﬂm&g:s+p€)cwa+a%)
if

1-9y _— Y

1+ (1—a—7)(€-1) 1+ (1 —a—7)(E-1)

e=1-—

Therefore, a decrease in Ay increases both the dispersions of TFPQ and TFPR.
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