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Abstract

This paper merges workers’ self-selection (across sectors) with an assignment

model (within sectors). First, I show that as two sectors (manufacturing and ser-

vices) start using skill sets that are more similar, the overall supply of skill falls.

If said fall is not biased toward either sector, the distribution of wages becomes

more polarized. Second, I show that if a manufacturing-specific technological im-

provement favors both high-skilled workers and high-productivity firms, it increases

the number of productive workers (and output produced) in manufacturing and

might rise wage inequality in both sectors. If it favors low-skilled workers or low-

productivity firms, manufacturing might contract.
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1 Introduction

Sectors differ in the technologies they use and, consequently, in the skill sets they demand.

Within sectors, workers differ in the ability to perform their jobs, whereas firms differ in

their organizational structures and production processes. In this paper, I show how this

inherent heterogeneity in technology and skill affects wages, profits, and output when

workers are free to choose the sector they work in.

To address this, I propose a new model that introduces assignment of workers to

firms (within sectors) in the vein of Becker (1973) and Sattinger (1979) into a model of

self-selection (across sectors) in the vein of Roy (1951). Workers’ self-selection implies

that within-sector distributions of skill are determined endogenously and depend, among

other factors, on the technology used in each sector. The assignment of workers to

firms introduces imperfect substitution and (in an extension in which firms’ entry is

endogenous) complementarity between workers with different skill levels.1 This is in

contrast to existing models of self-selection which, starting with Heckman and Sedlacek

(1985), assume that workers are perfect substitutes. However, perfect substitution is

inconsistent with empirical evidence (Katz and Murphy, 1992).2

I introduce a model with two sectors, manufacturing and services, and derive sharp

monotone comparative statics results. Firstly, I show that if the two sectors start de-

manding skill sets that are more similar than before (e.g., if each sector starts using a

dimension of skill that was previously specific to the other sector), the overall supply

of skill in the economy de facto declines. As a result, the overall distribution of wages

becomes more polarized as long as the decline affects wage functions in both sectors

symmetrically, that is, if it is unbiased.3 This stands in stark contrast to the literature

on task-biased technological change (TBTC) (Costinot and Vogel, 2010; Acemoglu and

Autor, 2011; Lindenlaub, 2017), in which wage polarization increases only if the change

in demand or technology is biased toward the task/sector that employs predominantly

medium-earning workers.

Secondly, I show that a technological improvement in one of the sectors (say manufac-

1To see this, note that in Sattinger’s (1979) model, firms and workers match in a fixed proportion, that
is, every firm hires the same, exogenously determined number of workers. Hence a firm cannot costlessly
replace a skilled worker with two or more less skilled ones. If firms’ entry is exogenous, neither can sectors,
because highly productive firms are scarce. For example, suppose that two high-skilled workers leave
manufacturing and that one of them is replaced by x > 1 workers of low skill. To replace the second
high-skilled worker, more than x low-skilled workers are needed, as the second worker’s replacements
match with less productive firms than the workers replacing the first worker. The reasons why some
workers will be complements if firms’ entry is endogenous are explained later in this introduction and in
Section 5.1.2.

2Perfect substitution of workers implies that if some high-skilled workers leave manufacturing, wages
increase by the same proportion for low- and high-skilled workers (the “proportionality hypothesis”).
Katz and Murphy (1992) provide evidence that changes in the relative supply of high- and low-skilled
workers significantly affect their relative wages.

3The effect of the decline could be symmetric even if just one sector started requiring different skill
sets than before.
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turing) does not necessarily result in a larger number of high-skilled workers joining that

sector. This is guaranteed only if the increase in output is greater for high-skilled workers

and (with endogenous entry) high-productivity firms. If this is the case, it creates a force

for an increase in wage inequality, not just in manufacturing but also in services.4 If,

however, the increase in output favors low-skilled workers or low-productivity firms, then

some high-skilled workers might leave manufacturing for services. As a consequence of

that, output in manufacturing might even contract.

These results differ qualitatively from comparative statics that arise in existing sorting

models, which further underscores the importance of properly accounting for within-sector

substitution. It is worth noting that I am able to derive the results in the absence of

functional form assumptions and despite the fact that wages in my model depend on

the entire distribution of skills in a sector (which is due to workers’ imperfect substi-

tution/complementarity). I accomplish this by leveraging the well-known relationship

between the distribution of skill and wages that arises under positive and assortative

matching.

Overview. The paper is organized in four main sections.

Section 2 sets up the baseline model and characterizes the unique equilibrium. In the

model, there is a continuum of heterogeneous workers and two sectors, manufacturing

(M) and services (S), each populated by a continuum of heterogeneous firms.5 Each

worker is endowed with a vector of basic skills x, and each firm in sector i ∈ {M,S} is

endowed with a scalar productivity hi. A match between a firm and a worker produces

some surplus, which—in the absence of other inputs—can be interpreted as its output

expressed in monetary terms.6 The surplus produced by a match is determined by a

surplus function that depends on the sector, the firm’s productivity, and the worker’s

skill. In particular, the two sectors use workers’ skills in different proportions. In the

competitive equilibrium, both workers and firms take wages as given, each worker sorts

into the sector that pays a higher wage for her skill endowment, and each firm hires at

most one worker to maximize profits. Wages are set to clear the market.

To make the model tractable, I assume that in each sector the vector of basic skills

x can be aggregated into a univariate index vi in such a way that the vector (vM , vS)

contains all the relevant information about x.7 The indices vM , vS are normalized to

4Wage inequality is certain to increase in both sectors if the number of workers and firms in each
sector is unchanged; this will occur, for example, if entry is exogenous and there are fewer firms than
people looking for work. An expansion or contraction in the number of workers has an ambiguous effect
on wage inequality and can counteract the increase in some cases.

5This means that the distribution of firms’ productivity in each sector is exogenously determined,
although the productivity distribution among firms that end up matched is not. In the baseline model
the measure of firms in each sector is also exogenous but this is relaxed in Section 5.

6Alternatively, this model can be seen as a reduced form of a model in which there are further inputs
and there exists an explicit output function. In such a case, the surplus is the revenue less the cost of
non-labor inputs for an optimal choice of non-labor inputs.

7This is a two-sector version of the separability assumption from Chiappori, Oreffice, and Quintana-
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have standard uniform marginal distributions and hence are referred to as relative skills.8

I assume, as is standard in the matching literature, that the surplus is increasing in

productivity, strictly increasing in relative skill, and supermodular in productivity and

relative skill.

Section 3 investigates whether an increase in the interdependence of relative skills can

make the overall wage distribution more polarized, that is, decrease wage inequality in

the left-tail while increasing the difference between the highest and lowest wages.9 I start

by observing that higher interdependence reduces the gains from self-selection, as more

workers become similarly skilled in both dimensions. This leads to a downward shift in

the production-possibility frontier of the economy and acts as if the overall supply of

skill decreased in a sense equivalent to first-order stochastic dominance (FOSD). Any

change in the wage distribution can be decomposed into the wage effect, in which wages

change but the skill distribution remains constant, and the composition effect, in which

the skill distribution changes but wages remain constant. The wage effect of increased

interdependence resembles task-biased technological change, in that it can increase wage

polarization only if it is biased, that is, if wages increase in one sector more than in the

other. However, the composition effect always results in a distribution of wages that

is worse in the FOSD sense and thus increases wage polarization unambiguously: The

highest and lowest wages remain unchanged but the wages corresponding to all other

quantiles decrease.

If the increase in interdependence is unbiased, that is, if the change in wages is identical

across sectors, then under mild conditions wage polarization increases unambiguously.10

The fall in left-tail inequality, which is necessary for an increase in polarization, happens

purely due to the composition effect: In the case of an unbiased increase in interdepen-

dence, the wage effect increases wage inequality in both tails. In particular, the increase

in interdependence is unbiased in the symmetric case (i.e., when the two sectors dif-

fer only in the dimension of relative skill they use), which is formally equivalent to the

single-sector assignment model of Sattinger (1979).

Finally, I argue that it is plausible that an increase in relative skill interdependence

contributed to the increase in wage polarization that was recorded in the 1990s in the

Domeque (2011), and it makes the relative skills an analogue of the tasks from Heckman and Sedlacek
(1985).

8For example, consider a worker with relative skills vector (0.25, 0.5). This means that 25% of the
population is more skilled than this worker in manufacturing and that half of the population is more
skilled than she is in services.

9I use the concordance ordering (Scarsini, 1984) as the notion of interdependence. Keeping marginal
distributions unchanged, two random variables become more concordant if their joint distribution shifts
upward. For jointly normally distributed variables, concordance increases if and only if correlation
increases.

10The critical (in the sense used by Rodrik (2015)) condition needed for an increase in polarization
is that the change in skill requirements does not change the support of skills among employed workers.
This must be the case if, for example, the number of firms is greater than the number of workers.
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US.11 This is because, as first noted by Gould (2002), the interdependence of relative

skills depends not only on the distribution of basic skills but also on the similarity of

skill content of the sectors, that is, on the degree to which manufacturing and services

use the same basic skills in the production process. Therefore, the interdependence of

relative skills can change as a result of technological advances.12 There exists strong

evidence that the skill content of certain occupations changed in the decades preceding

the 1990s (Autor, Levy, and Murnane, 2003; Spitz-Oener, 2006) and, in fact, became more

similar across sectors (Gould, 2002). A likely reason for these changes is the process of

computerization, which resulted in very different sectors coveting the same skills. From

that point of view, an increase in relative skill interdependence constitutes an alternative

mechanism through which routinization, that is, the change in task and skill content

of occupations caused by computerization (Autor et al., 2003), could have caused an

increase in wage polarization.

Section 4 focuses on changes in technology and skill distribution that increase (de-

crease) the difference in surplus produced by manufacturing workers of any two relative

skill levels. I call this an increase (decrease) in the vertical differentiation of manu-

facturing workers. Let me first use an example to illustrate the importance of vertical

differentiation for sorting and its implications for output. Subsequently, I will discuss the

implications for wage inequality.

Suppose there exist fewer firms than workers (jobs are scarce) and the vector of

basic skills has three components: x1 is manufacturing specific, x2 is services specific

and x3 is a general-purpose skill. The surplus in manufacturing is strictly increasing

in the manufacturing-specific and general-purpose skills but does not depend on the

services-specific skill; and analogously for services. Suppose that the government wants

to boost the total output produced in manufacturing and, to this end, decides to invest in

population-wide training in x1 in a way that shifts its distribution upward. This increases

the supply of a basic skill that is used only in manufacturing while leaving the supply of

basic skills used in services unchanged. As a result, the output produced by a worker of

any relative skill (vM , vS) increases for matches with manufacturing firms but remains the

same for matches with firms in services. In a model with perfect substitutes, this would

necessarily lead to an expansion in manufacturing output. With imperfect substitution,

however, it can easily backfire.

11See, for example, Figure 7 in Acemoglu and Autor (2011).
12Of course, a technological change would likely affect not only the relative skill interdependence but

also the surplus produced by a worker of any given relative skill level. In fact, for a technological change
to constitute an advance, it must also increase the surplus produced by workers of given skill, as otherwise
an increase in interdependence would, on its own, decrease total output. This is not a problem, however,
as the link between increased interdependence and polarization implies that technological changes that
would have no effect on polarization in a one-dimensional world will increase polarization in my model. In
particular, a technological advance that affects both sectors symmetrically, raises surplus multiplicatively,
and increases interdependence would result in both higher output and more polarized wages.

5



Such a fall in manufacturing output can happen if the government’s investment makes

manufacturing workers less vertically differentiated.13 How does this change firms’ hiring

choices in the short term, before wages have time to adjust? As the difference in surplus

produced by different workers decreases but the difference in wages does not, high-skilled

workers become relatively overpaid. As a result, all firms want to hire a worker of lower

relative skill than in the old equilibrium. Further, because I assume that the surplus

produced in any match always covers the reservation payoffs of both parties, scarcity

of jobs implies that all firms want to hire some worker. As a result, more high-skilled

workers and fewer low-skilled workers want to work in manufacturing than are demanded

by manufacturing firms. In equilibrium, therefore, wages rise for workers of low manu-

facturing skill and fall for workers with high manufacturing skill, forcing some marginal

high-skilled workers out of manufacturing but drawing in additional low-skilled workers

from services. Thus in the sense of first-order stochastic dominance the distribution of

relative skill improves in manufacturing and worsens in services. Overall, services expand,

whereas the impact on the total output produced in manufacturing is ambiguous.

Further, I show that a shock that directly affects only manufacturing, might well

increase both absolute and relative wage inequality in services.14 Several attempts have

been made in recent years to infer the causes of increases in wage inequality by using

cross-sector comparisons (e.g., Bakija, Cole, and Heim, 2010; Kaplan and Rauh, 2010,

2013). Ideally, such analyses should take transmission of wage inequality into account.

For example, Kaplan and Rauh (2013) concluded that the fact that “the increase in pay

at the highest income levels is broad based” is more consistent with the superstar and

scale-effects (Rosen, 1981) explanations of rising wage inequality than with an increase

in managerial power or a weakening of social norms. If an increase in wage inequality

that originates in a narrow subset of sectors could spread across the economy, however,

then such conclusions would seem premature. This is less of a concern in models in which

workers are perfect substitutes, where any change in the sectoral supply of skills will have

the same relative impact on the wages of all workers. With imperfect substitution of skills,

however, this is not the case. If jobs are scarce, then an increase in vertical differentiation

in manufacturing draws in high-skilled workers from services. The latter increases the

wages of high-skilled services workers compared to those of low-skilled workers. As a

result, wage inequality increases in both sectors.15

Although there are no strategic interactions in my model, my results do suggest that

13This would be the case if, for example, basic surplus is multiplicatively separable in the basic skills
and concave in x1, and the distribution of x1 is shifted upward by a constant. Intuitively, think of
a situation in which the government’s policy provides more resources for teaching of all students but
focuses on the less able ones.

14It should be noted that both types of increases would be stronger in the directly affected sector.
15In particular, the range of wages increases in both sectors, and the top wages in manufacturing

rise proportionately more than the lowest wages. In services, wages increase proportionately more for
high-skilled workers than for low-skilled workers as long as reservation wages are not too small.
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there might be strategic reasons for increases in wage inequality. I demonstrate this in

Section 4.1.4, where I provide an example in which jobs are scarce and the two sectors

(or regions in which they are concentrated) can make an investment in infrastructure

which increases the vertical differentiation of their workers. Rising vertical differentiation

increases wage inequality and creates a negative sorting externality for the other sector.

Therefore, both sectors are willing to make the investment even in cases where this is not

socially optimal.16 In equilibrium, both sectors over-invest, which cancels out the sorting

effect. Thus the sectors end up with lower output (net of the cost of the investment) and

higher wage inequality.

Section 5 endogenizes firms’ entry decisions. I follow Hopenhayn (1992) and Melitz

(2003) in assuming that there exists an unlimited number of ex ante homogeneous firms.

To enter a sector, a firm pays a sector-specific cost of entry and draws productivity from

an exogenous distribution. Section 5.1 shows that the equilibrium of the extended model

exists and that it is unique and efficient. Because the expected profits are equal to the

cost of entry in equilibrium, workers of very high and very low skill are Hicks complements

(rather than imperfect substitutes), that is, the arrival of additional low-skilled workers

increases the wages of high-skilled workers.17 This is also a feature of the Costrell and

Loury (2004) assignment model with hierarchical firms. In fact, the comparative statics

for the extended model are derived only for specifications that are equivalent to a two-

sector extension of the Costrell and Loury (2004) model.18

Section 5.2 revisits the link between the interdependence of relative skills and wage

polarization. The results are qualitatively very similar to the baseline model: The com-

position effect increases wage polarization unambiguously, whereas the wage effect has an

ambiguous impact on polarization. In the symmetric case, which is formally equivalent

to the single-sector Costrell and Loury (2004) model, the composition effect dominates

and wage polarization increases.19 This demonstrates that the insights from Section 3

hold even if workers of different skill levels are complements.

Section 5.3 generalizes the results of Section 4. In the extended model, sorting depends

also on firms’ vertical differentiation, which is defined analogously to workers’ vertical

differentiation.20 In particular, if firms become less vertically differentiated, then man-

16That is, if it decreases the sum of the surpluses produced in the economy, net of the cost of the
investment.

17If additional low-skilled workers join manufacturing, the wages of incumbent low-skilled workers
must fall. However, wages of some workers must increase, as otherwise all firms would pay lower wages
and expected profits would increase. As workers of very high skill do not compete with workers of very
low skill, additional firm entry improves their matches and they are the ones whose wages increase.

18Proposition 13 (in Section 5.3) is an exception, as it holds in full generality.
19To be precise, polarization increases in absolute terms. That is, the increase in the lowest wages is

greater than in wages in the interior of the distribution in absolute terms. An increase in relative terms
is ensured only if wages were high enough originally.

20That is, firms become more vertically differentiated if the difference in surplus produced by firms of
any two productivity levels increases.
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ufacturing’s output can contract even if all matches produce more output and workers’

differentiation increases. The intuition behind this perverse output effect is different than

the intuition behind the perverse output effects of the baseline model and is provided in

Section 5.3.1, together with a simple example.

In the extended model, the impact of an increase in the vertical differentiation of

manufacturing workers on wage inequality in services can be decomposed into two effects.

If we hold the numbers of firms in both sectors constant, the impact on inequality is the

same as in the baseline model (Section 4); I call this the baseline effect. However, if—in

addition to the increase in workers’ differentiation—both the vertical differentiation of

firms and the surplus levels increase, then the equilibrium numbers of firms and workers

will increase in manufacturing and fall in services. This gives rise to a new entry effect,

which affects wage inequality in services ambiguously. In particular, if the contraction in

services is sufficiently large, then the entry effect decreases wage inequality in services,

thus counteracting the increase caused by the baseline effect.

Section 6 reviews further the related literature and places my main contributions into

it. Section 7 concludes. Proofs can be found in the Appendix. The Online Appendix

provides additional results. In particular, Online Appendix OA.6 develops a dynamic,

overlapping-generations version of the extended model and shows that the steady-state

equilibrium of the dynamic model corresponds one-to-one to the equilibrium of the static

model.

2 The Model

In this section I set up the model, characterize the equilibrium, and prove its uniqueness.

2.1 The Setup

There are two sectors—manufacturing and services—and two populations: workers and

firms.

Workers There is a unit measure of workers, each endowed with a vector of basic skills

x = (x1, x2 . . . xN) ∈ Ix ⊂ RN . Denote the distribution of x by F . Workers can either

work for a firm and receive a market wage or remain unemployed and receive a reservation

wage (normalized to 0).

Firms There is a measure R of firms, each endowed with vector (z, i) ∈ Iz × {M,S},
where z denotes the firm’s productivity, i ∈ {M,S} denotes the sector in which the firm

operates (manufacturing or services) and Iz ⊂ R. The (exogenous) distribution of (z, i)

is denoted by HZ , whereas the measure of firms in sector i is denoted by Ri > 0, with
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RM +RS = R.21 Each firm hires at most one worker. A worker-firm pair produces surplus

according to the basic surplus function Π : Ix × Iz × {M,S} → R≥0. For example, if a

manufacturing firm with productivity h hires a worker with skill x, they produce surplus

Π(x, z,M). The fact that the surplus function depends on the sector means that workers’

skill and firms’ productivity might be used differently in each sector. If a firm does not

hire a worker, it receives a reservation profit normalized to 0.

2.1.1 Assumptions

Following Heckman and Sedlacek (1985), I assume that the basic surplus functions in

each sector are separable in basic skills and productivity.22

Assumption 1 (Properties of the Surplus). In both sectors, basic surplus Π is separable

in skills and productivity, that is, for each sector there exist mappings vi : Ix → [0, 1]

(relative skill), hi : Iz → [0, 1] (relative productivity) and πi : [0, 1]2 → R≥0 (the reduced

surplus) such that the following hold:

A1.1 Separability : πi(vi(x), hi(z)) = Π(x, z, i)

A1.2 Differentiability : πi is twice continuously differentiable

A1.3 Increasing surplus : ∂
∂vi
πi > 0, ∂

∂hi
πi ≥ 0

A1.4 Supermodular surplus : ∂2

∂vi∂hi
πi ≥ 0

Separability means that the impact of a basic skill x on the surplus in sector i is

fully captured by the one-dimensional index vi = vi(x). Together with separability, the

increasingness assumption (A1.3) implies that workers and firms can be totally ordered

within each sector with respect to the surplus they produce.23 Supermodularity (A1.4)

implies that highly productive firms benefit more from hiring high-skilled workers. This

ensures that within-sector matching is positive and assortative and makes the model

tractable. The comparative statics results would be unchanged if surplus functions were

submodular.24

Assumption 2 (Properties of the Copula). The distributions F and HZ and the sur-

plus Π are such that the joint distribution C of relative skill (vM , vS) ∈ [0, 1]2 and the

distributions Hi of relative productivity hi ∈ [0, 1] have the following properties:

21The measure of firms in each sector is endogenized in Section 5.
22In the context of matching, Chiappori, Oreffice, and Quintana-Domeque (2012) assume that there

exists a single one-dimensional index that summarizes agents’ preferences. My assumption is weaker, in
that I only require firms’ “preferences” over workers to be the same within a sector but allow them to
differ across sectors.

23That is, if one manufacturing firm produces more surplus by hiring worker x′ than worker x, then
all manufacturing firms do; and analogously for workers.

24Whether my results would hold even for surpluses that are neither super- nor submodular is an open
question but it seems likely, given that the two extreme cases yield the same results.
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A2.1 Differentiability : They are twice continuously differentiable.

A2.2 Full support : They have strictly positive, finite density on their respective sup-

ports.25

The full support assumption allows me to normalize the indices vM , vS and hM , hS in

such a way that their marginal distributions are standard uniform, using the fact that

Assumption 1 defines them only up to a monotone transformation.26 This is why I refer

to them as relative skills and productivities, respectively. Note that because the marginal

distributions of vM , vS are standard uniform, C is a copula (Sklar, 1959). Further, the

full support assumption precludes perfect (positive or negative) correlation but otherwise

allows for very general dependence structures. For example, for C belonging to the family

of Gaussian copulas, Assumption 2 allows for any correlation parameter ρ ∈ (−1, 1).

The formulation of the model in terms of uniformly distributed relative skills will be

referred to as the canonical formulation.27 Apart from examples and applications, I will

be working with the canonical formulation exclusively. For that reason, most of the time

I will refer to vi, hi, and πi as skill, productivity and surplus, respectively, dropping the

adjectives relative and reduced.

Assumption 3 (Non-Degenerate Solutions). For any i, j ∈ {M,S} with j 6= i, either

Ri < 1 or πi(0, 1− 1
Ri

) < πj(1, 1).

This assumption is necessary and sufficient for all equilibria of this model to be non-

degenerate, so that a positive measure of workers is employed in each sector.

2.1.2 Supply, Demand, and Equilibrium

Supply of Relative Skills A worker with skill (vM , vS) who joins sector i receives

wage wi(vi), where wi : [0, 1] → R. Workers sort into the sector that maximizes their

wages. A worker with skill (vM , vS) joins manufacturing if and only if

wM(vM) ≥ max{wS(vS), 0}, (1)

joins services if and only if

wS(vS) > max{wM(vM), 0}, (2)

25For the joint distribution C, it suffices for both conditions to hold just on (0, 1)2. In particular, all
results hold for the Gaussian copula.

26To see that this is a normalization, consider any v′i and π′i that meet Assumptions 1 and 2. Denote
the marginal distribution of V ′i by Fi. Then let Vi = Fi(V

′
i ) which ensures that the marginal distribution

is standard uniform; this gives πi(vi, hi) = π′i(F
−1
i (vi), hi).

27The canonical formulation defines equivalence classes: Any two models with the same canonical
formulation will give rise to the same outcomes (i.e., wage and output distributions).
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and remains unemployed otherwise.28

The sectoral supply of relative skill of level t, Si(t), is defined cumulatively, as the

measure of workers with sector-specific skill of at least t who join sector i, for given wage

functions wM , wS:

SM(t) = Pr
(
VM ≥ t, wM(VM) ≥ wS(VS), wM(VM) ≥ 0

)
, (3)

SS(t) = Pr
(
VS ≥ t, wM(VM) < wS(VS), wS(VS) > 0

)
. (4)

Note that Si(0) gives us the total measure of workers who joined sector i. Further,

together with the joint distribution C, either of SM , SS determines the other.29

Demand for Relative Skills The demand for skills in each sector is determined by

the firms’ hiring decisions, which in turn are driven by profit maximization, with firms

taking the wage function as given. Firm hi earns profit ri(hi) and hires worker v∗i (hi),

where ri : [0, 1]→ R and v∗i : [0, 1]→ [0, 1], with

ri(hi) = max
v∈[0,1]

πi(v, hi)− wi(v), (5)

v∗i (hi) ∈ arg max
v∈[0,1]

πi(v, hi)− wi(v). (6)

Demand for skills is defined analogously to skill supply. The sectoral demand for relative

skill of level t, Di(t), is equal to the measure of sector i firms that hire workers with

sector-specific skill of at least t, for a given wage function wi:

Di(t) = RiPr
(
v∗i (Hi) ≥ t, ri(Hi) ≥ 0

)
. (7)

This definition assumes that profits are strictly increasing in productivity, which is the

case as long as ∂
∂hi
πi > 0. A more general definition, which holds even when surplus does

not depend on productivity, is provided in Appendix A.30

The Competitive Equilibrium I focus on the competitive equilibrium, which is de-

fined as follows.

Definition 1 (Equilibrium). An equilibrium is characterized by:

(i) two sectoral relative skill supply functions Si : [0, 1]→ [0, 1], consistent with workers’

sorting decisions and given by Equations (3) and (4);

28Of course, a worker for whom wS(vS) = wM (vM ) is indifferent and could join either sector; however,
the set of all such workers will be of zero measure in equilibrium, hence we can assign all of them to
manufacturing without loss of generality.

29The exact relation between them will become clear later (see Figure 1 and Equation (15)).
30Additionally, my definition of v∗i implies that it is a function, which excludes the possibility of impure

matchings. This greatly simplifies notation and is without loss of generality, because all matchings—even
impure ones—will result in the same wage functions.
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(ii) two sectoral relative skill demand functions Di : [0, 1]→ [0, 1], consistent with firms’

profit maximization and given by Equation (7);

(iii) two sectoral wage functions wi : [0, 1] → R, which clear the markets: Si(t) = Di(t)

for i ∈ {M,S} and all t ∈ [0, 1].

It is worth noting that because this model is an assignment game, the competitive

equilibrium coincides with the core (Gretsky, Ostroy, and Zame, 1992).

2.2 Characterization Strategy

To characterize the competitive equilibrium, I employ a two-step strategy. In the first

step, I treat sectoral supply functions Si as given and derive the wage functions that

equate supply with demand in each sector. This is very similar to the problem first solved

by Sattinger (1979). In the second step, I use those wages to find the sectoral supply

functions in a manner somewhat similar to the way they are found in Roy’s model.

2.2.1 First Step

In this part, I treat the sectoral supply functions as given and find the wage functions for

which demand will equal supply. Let the critical skill vci be the relative skill of the least

skilled worker who joins sector i:

vci = sup{v ∈ [0, 1] : Si(v) = Si(0)}. (8)

In equilibrium, Si(0) cannot be greater than Ri = Di(0), as otherwise the market would

never clear; I will restrict attention to supply functions that meet this condition.

Proposition 1. In equilibrium, the wage functions are such that the following hold:

wi(vi) =

∫ vi

vci

∂

∂vi
πi

(
v, 1− Si(v)

Ri

)
dv + wi(v

c
i ) for vi ≥ vci (9)

wi(vi) ≥ wi(v
c
i ) + πi

(
vi, 1−

Si(v
c
i )

Ri

)
− πi

(
vci , 1−

Si(v
c
i )

Ri

)
for vi < vci , (10)

where wi(v
c
i ) ∈ [0, πi(v

c
i , 1−

Si(0)
Ri

)]. If, however, Si(0) < Ri, then wi(v
c
i ) = πi(v

c
i , 1−

Si(0)
Ri

).

It is well-known that if the surplus function is supermodular, workers and firms match

positively and assortatively; that is, the most productive firm matches with the worker

of highest relative skill, the second most productive firm matches with the second most

skilled worker, and so on. Accordingly, my Proposition 1 is essentially a restatement

of Sattinger’s (1979) famous result on wage functions under positive and assortative

12



matching.31 The reason why the relationship between wages and the supply of skills

needs to be of the form specified in Proposition 1 can be easily understood from the

first-order condition of the firm’s hiring decision:

∂

∂vi
wi(v

∗
i (hi)) =

∂

∂vi
πi

(
v∗i (hi), 1−

Si(v
∗
i (hi))

Ri

)
.

Thus the difference in wages paid to workers of marginally different skill is equal to the

difference in the surplus they produce. The value of this marginal surplus, however,

depends on the firm the worker is matched with. This depends in turn on the supply

of relative skills in that sector: The fewer high-skilled workers available, the better the

match that can be secured by any worker. The wage paid to the worker with critical skill

vci depends on whether workers are in short supply in that sector. If this is the case, then

competition drives the profits of the least productive matched firm to 0.

2.2.2 Second Step

In the second step, I treat the sectoral wage functions wM , wS as given and derive the

corresponding sectoral supply functions.32 Note that by Proposition 1, wages are strictly

increasing in each sector for vi ≥ vci . This has two important implications for sorting.

Firstly, any worker with relative services skill vS > vcS can earn a strictly positive wage

and therefore will never choose to remain unemployed. Secondly, for any such worker

there will exist a cut-off value ψ(vS) of the relative manufacturing skill such that she will

strictly prefer to join services if vM > ψ(vS) and strictly prefer to join manufacturing if

vM < ψ(vS). Therefore, the sorting of workers to sectors can easily be expressed by the

means of the critical skills vcM , v
c
S and the separation function ψ : [vcS, 1]→ [vcM , 1], which

takes the services skill as an argument and returns the corresponding cut-off value of the

manufacturing skill.

Lemma 1. In equilibrium, the critical skills in manufacturing and services are respec-

tively

vcM = sup{vM ∈ [0, 1] : wM(vM) ≤ max{wS(0), 0} or vM = 0}, (11)

vcS = sup{vS ∈ [0, 1] : wS(vS) ≤ max{wM(0), 0} or vS = 0}. (12)

31The only difference is that my result explicitly allows for surplus to be weakly supermodular, that

is, it allows for ∂2

∂vi∂hi
πi ≥ 0. Legros and Newman (2002) call “famous” the result that under weakly

supermodular surpluses any stable matching can be supported only by payoff schemes that support PAM.
However, they provide no references and their Proposition 3 holds only for one-sided matching markets.
The argument in Sattinger (1979) implies only that if the cross-derivative of the surplus function is strictly
positive than matching is positive and assortative but is silent on what happens if the cross-derivative is
weakly positive.

32Technically, Equations 3 and 4 already do that. The challenge, however, is to express SM , SS as
functions of wages in a way that will allow me to characterize the equilibrium.
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Figure 1: Graphical representation of the relation between the separation function and
sorting. The hatched areas represent the space of workers with skill Vi ≥ 0.8 who join
occupation i; their supply Si(0.8) depends on how many workers reside in this space
(which depends on the copula).

Provided that vcM , v
c
S < 1, it is the case that wM(vcM) = wS(vcS).

For vS ≥ vcS the separation function depends on the sectoral wage functions as follows:

ψ(vS) = max{vM ∈ [vcM , 1] : wM(vM) ≤ wS(vS)}. (13)

Note that for vS’s such that wS(vS) ≤ wM(1) this implies that

wS(vS) = wM(ψ(vS)). (14)

The critical skills and the separation function are sufficient to characterize the sorting of

workers to sectors. This is depicted in Figure 1. By the definitions of vcM and vcS, all but

a zero measure of workers with (vM , vS) < (vcM , v
c
S) remain unmatched. Manufacturing is

populated by workers with vM ≥ vcM and vM ≥ ψ(vS). Services are populated by workers

with vS > vcS and vM < ψ(vS).33 Thus, vcM , v
c
S and ψ fully determine the sectoral supply

functions.

Lemma 2. Given the critical skills vM , vS and the separation function ψ, the supply of

relative skill in manufacturing and services is respectively

SM(v) =


∫ 1

v
∂

∂vM
C(r, φ(r))dr, v ≥ vcM

SM(vcM) v < vcM ,
SS(v) =


∫ 1

v
∂
∂vS

C(ψ(r), r)dr, v ≥ vcS

SS(vcS) v < vcS,
(15)

33As in Section 3.1, it does not matter where the indifferent workers are assigned, as they are of
measure zero.
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where φ : [vcM , 1]→ [vcS, 1] depends on ψ as follows:

φ(vM) = sup{vS ∈ [vcS, 1] : ψ(vS) < vM}.

In equilibrium, the separation function determines the sectoral supply of skill, the

sectoral supply of skill determines wages, and wages determine the separation function.

Any separation function that corresponds to supply and wage functions that hold in some

equilibrium will be called an equilibrium separation function. Equilibrium separation

functions can be found by substituting the sectoral supply functions from Equation (15)

into the results in Proposition 1 and then substituting the resulting wage functions into

Equations (11)–(13).

Theorem 1. An equilibrium exists. The equilibrium separation function, the equilibrium

supply functions, and the equilibrium demand functions are unique.

The proof entails constructing a map the fixed point of which is equivalent to the

solution of (13) and finding a norm for which this map is a contraction mapping.34 This

proves that ψ(·) is unique given (vcM , v
c
S)—and that it is continuous in both vcM and vcS.

Then showing existence and uniqueness is merely a matter of proving that Equations (11)

and (12) have a unique solution given the function ψ(·, vcM , vcS). Of course, the existence of

a unique equilibrium separation function implies trivially that there exists an equilibrium.

It means further that the equilibrium is unique for most practical purposes, in that the

equilibrium supply and demand functions are unique. By Proposition 1, however, the

equilibrium wage functions are uniquely determined only for vi ≥ vci , and even then

possibly only up to the lowest wage wi(v
c
i ).

35

2.2.3 Sattinger and Roy

The first step in my characterization strategy is very similar to Sattinger (1979), the

second to Roy (1951). This is not a coincidence: The model nests both one-sector

assignment models and Roy-like models of self-selection.36

Sattinger (1979) Firstly, the model reduces to the one-sector assignment model if one

of the two sectors does not employ any workers. This can happen either if Assumption 3

34The norm I use is Bielecki’s norm for a high-enough parameter λ.
35This is the case if RM +RS = 1; otherwise wi(v

c
i ) is uniquely determined.

36Formally, it does not fully nest the actual models by Sattinger and Roy. In the former case, the
reason is that Sattinger allows for cases in which both firms and workers are unemployed, which is
ruled out here by the assumption of positive surpluses, so only certain special cases of his model are
nested. In the latter, the reason is that Roy uses bivariate log-normal distribution of skills, which is
not defined over a rectangle—however, we can get an arbitrarily good approximation of Roy’s model by
using bivariate log-normal distribution, truncated arbitrarily high and arbitrarily close to zero. This is
done in Section 4.1.1 and Online Appendix OA.5.
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does not hold or, alternatively, if there exist no firms in services (RS = 0). In either case,

wages in manufacturing are simply

wSAT
M (vM) =

∫ vM

vcM

∂

∂vi
πM

(
v, 1− 1− v

RM

)
dv + wM(vcM), (16)

where vci = max{0, 1− Ri}, with wM(vcM) = 0 if RM < 1 and wM(vcM) = πM(0, 1− 1
RM

)

if RM > 1.

More interestingly, the two sector-model is also equivalent to the one-sector model

when the two sectors are symmetric.

Definition 2. The model is symmetric iff (i) C(vM , vS) = C(vS, vM) for all (vM , vS) ∈
[0, 1]2, (ii) πM(v, h) = πS(v, h) for all (v, h) ∈ [0, 1]2, and (iii) RM = RS.

If the sectors are symmetric, workers choose the sector in which their relative skill is

higher. In the symmetric case, wages are then

wSYM
i (vi) =

∫ vi

vci

∂

∂vi
πi

(
v, 1− C(v, v)

Ri

)
dv + wi(v

c
i ),

where vci = max{0, 1−2Ri}, with wi(v
c
i ) = 0 if Ri <

1
2

and wi(v
c
i ) = πi(0, 1− 1

Ri
) if Ri >

1
2
.

This is exactly equivalent to an assignment model in which there is just one sector with

R = 2Ri firms but the surplus produced in each match depends on the maximum of the

workers’ services and manufacturing relative skills, so that v = max{vM , vS}.

Roy (1951) The model reduces to Roy’s model in two related ways. First, suppose that

firms in both sectors are identical, so that the surplus produced by any match depends

on the worker’s skill only.37 If, in addition, there is an abundance of firms in each sector

(Ri > 1), then firms have no market power. Hence workers receive the entire surplus,

and their wage does not depend on the sectoral supply of skill: wi(vi) = πi(vi). This is

exactly as in Roy’s model. In other words, Roy-like models can be seen as two-sector

matching models in which all firms from the same sector are homogeneous.38

Alternatively but similarly, the model reduces to Roy’s model if the number of firms

in each sector is unlimited, that is, if Ri →∞. In this case all workers match with a firm

of highest productivity, as 1− Si(v)
Ri
→ 1, and so workers again receive the entire surplus.39

37This implies that Πz(•) = 0, which is allowed by my assumptions.
38An example would be the Gaussian-exponential specification, which will be introduced in Sec-

tion 4.1.1, with RM , RS > 1 and γM = γS = 0.
39Formally, wi(vi) ∈ (wSAT

i (vi), πi(vi, 1)), because the highest feasible supply of skill vi in any sector
is 1− vi, and the wages in sector i are bounded from above by the wages holding in the case of an empty
sector j. Inspection of Equation (16) shows that limRi→∞ wi(vi) = π(vi, 1).
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3 Skill Interdependence and Wage Polarization

In this section, I investigate the link between an increase in the interdependence of rela-

tive skills and changes in the polarization of the economy-wide wage distribution. Wage

distribution becomes more polarized if overall inequality increases (highest wages increase

more than lowest) but left-tail inequality falls. Empirically, an increase in wage polariza-

tion has been recorded in the US in the 1990s and 2000s (Acemoglu and Autor, 2011).

Firstly, I show that—keeping the reduced surplus functions unchanged—an increase

in the interdependence of relative skills is equivalent to a fall in the supply of skill.

Further, I demonstrate that the interdependence of relative skills depends not just on

the distribution of basic skill but also on the skill content of the sectors, that is, on the

proportion in which basic skills are used in each sector.

Secondly, I decompose the change in the distribution of wages into the wage effect,

which captures the change in wages paid to workers of given relative skill, and the com-

position effect, which captures the change in the number of workers with a given level

of skill. The composition effect results in a worse distribution of wages in the sense of

first-order stochastic dominance, because of the fall in skill supply; this increases wage po-

larization unambiguously. The impact of the wage effect is ambiguous. In the symmetric

case, the composition effect is certain to dominate under mild conditions and polarization

increases. It follows that a technological change that is not biased toward any partic-

ular sector (skill, occupation) but instead homogenizes skill content across sectors can

plausibly increase wage polarization.

Note that in all comparative statics exercises in this paper, I compare the equilibria

of two specifications of the model: the old one and the new one.40 The old specification

is denoted by θ1 and the new one by θ2. For example, C(•; θ1) is the old copula of relative

skills and C(•; θ2) is the new one.

3.1 Interdependence and the Overall Supply of Skill

I will use the concordance ordering as the notion of interdependence.

Definition 3 (Scarsini, 1984). Copula C(•, θ2) is more concordant than copula C(•, θ1)

if C(vM , vS, θ2) ≥ C(vM , vS, θ1) for all (vM , vS) ∈ [0, 1]2.

The concordance ordering formalizes the idea of greater interdependence, as higher

concordance implies that large values of VM are more likely to go with large values of

VS. For example, for bivariate random variables with a Gaussian copula, an increase in

concordance is equivalent to an increase in the correlation parameter ρ (Joe, 1997).41

40With both specifications meeting all conditions from Section 2, including Assumption 3.
41I call ρ the correlation parameter, because for variables with the Gaussian copula and normal

marginal distributions it is equal to linear correlation.
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To establish the link between the concordance ordering and changes in the overall

supply of skill, we need to define the latter. I will assume a definition analogous to

first-order stochastic dominance and say that the supply of skill increases whenever the

change in copula is certain to increase the maximal total surplus produced in the economy.

Formally, denote by S = (SM , SS) a pair of sectoral supply functions; then S denotes the

set of all S that are feasible under a given copula, that is, all S such that Si(0) ≤ Ri and

SS(vS) + SM(ψ(vS)) ≤ 1− C(ψ(vS), vM).42 (17)

The total surplus produced in the economy for a given S is denoted by T (S):

T (S) =

∫ 0

1

πM

(
vM , 1−

SM(vM)

RM

)
dSM(vM) +

∫ 0

1

πS

(
vS, 1−

SS(vS)

RS

)
dSS(vS).43 (18)

Definition 4. The supply of skill under copula C(•, θ1) is unambiguously higher than

under copula C(•, θ2) if

max
S∈S(θ2)

T (S) ≤ max
S∈S(θ1)

T (S)

for all quadruples (πM , πS, RM , RS) that meet Assumptions 1 and 3.

It can be shown that if the reduced surplus functions are kept constant, a fall in

concordance is equivalent to an upward shift in the overall supply of skill.

Proposition 2. Consider two copulas that meet Assumption 2. The supply of skill is

unambiguously higher under copula C(•, θ1) than under copula C(•, θ2) if and only if

C(•, θ2) is more concordant than C(•, θ1).

As concordance falls, the production possibility frontier shifts outward, in the sense

that the set of feasible pairs of supply functions expands: S(θ2) ⊂ S(θ1). Therefore, the

maximal total surplus must increase. In other words, as more workers are highly skilled

in at least one sector, it becomes possible to increase the supply of skill in one sector

without decreasing it in the other sector. In the other direction, the implication holds

for the usual reasons: If the two copulas are not ordered with respect to concordance,

there always exist surplus functions that value particularly highly the skills that exist in

greater supply under copula C(•, θ2).

Finally, let me stress that an increase in relative skill concordance is equivalent to a

fall in the supply of skill only when the reduced surplus functions are held constant.44

Note that any change in the marginal distributions of the components of x would affect

the reduced surplus functions πi. Therefore, assuming that the basic surplus function

Πi is increasing in all dimensions of x, a change in the distribution of x constitutes a

42Note that ψ(·) ∈ [0, 1] and is implicitly defined through Equation (15).
43To see why, recall that Si is decreasing for vi ≥ vci and constant otherwise.
44As is the case in Definition 4.
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fall in the supply of skill if and only if relative skills become more concordant and the

marginal distributions of all components of x improve in the sense of first-order stochastic

dominance.45

3.2 Skill Content of Sectors

Recall that the relative skill vi(x) is equal to the measure of workers who would produce

less surplus in sector i than a worker with basic skill vector x (if matched with the same

firm). Therefore, the copula of relative skills depends not only on the distribution of

basic skills but also on the skill content of the sectors.

This can be easily seen in an example with standard normally distributed basic skills,

x ∼ N(0, I).46 Suppose that the surplus in each sector depends on a linear combination

of cognitive (x1) and non-cognitive (x2) skills, so that Πi(x, z, i) = Π̄i(αi1x1 + αi2x2, z),

where αji ∈ [0, 1]. To isolate the impact of changes in skill content on relative skill

interdependence from their impact on the reduced surplus functions, let us assume that

sector i uses the non-cognitive skill with weight
√

1− α2
i1.47 This results in relative skills

of the form vi(x) = Φ−1(αi1x1 +
√

1− α2
i1x2) and distributed according to a Gaussian

copula with correlation parameter ρ = αS1αM1 +
√

(1− α2
M1)(1− α2

S1).48

For Gaussian copulas, an increase in ρ is equivalent to an increase in concordance,

which proves that the relative skill interdependence depends on the skill content of each

sector. Differentiating ρ with respect to αM1 reveals that the relative skill interdepen-

dence will increase in response to a small increase in the weight of cognitive skills in

manufacturing if and only if αM1 < αS1. Thus if the importance of cognitive skills in-

creases in a sector that is relatively non-cognitive skill intensive, the interdependence of

relative skills increases. If, on the other hand, cognitive skills become more important in

a relatively cognitive skill intensive sector, interdependence falls.

3.3 Wage Polarization

I will now address the impact of changes in copula on wage polarization. To the best of my

knowledge, there does not exist a standard, formal definition of polarization. Therefore,

I provide my own definition, which captures the most salient empirical facts about wage

polarization: the decrease in wage inequality in the left tail of the distribution and the

45More generally, a change in the distribution of x constitutes an increase in skill supply if and only
if it causes both a fall in the concordance of relative skills and a universal improvement in the surplus
(Definition 7) in both sectors.

46I denotes the identity matrix.
47This ensures that a change in αi1 does not affect the reduced surplus functions, because the distri-

bution of αi1X1 +
√

1− α2
i1X2 does not depend on αi1.

48 To be precise, C(vM , vS) = Φρ

(
Φ−1(vM ),Φ−1(vS)

)
, where Φρ denotes the cdf of a standardized

bivariate normal distribution with correlation and Φ denotes the cdf of the univariate standard normal
distribution.
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increase in the difference between the highest and lowest wages.49 In doing so, it will be

convenient to focus on the inverse wage distribution W : [0, 1] → R≥0, which maps the

quantile of a wage into its actual level (e.g., W (0.5) is the median wage). Any unmatched

workers will be assigned the reservation wage, that is, wi(vi) = 0 for vi < vci .
50

Definition 5 (Wage Polarization). Wage polarization increases in absolute terms if wage

inequality (i) falls in the left tail, that is, there exists t̄ ∈ (0, 1) such that W (t) −W (0)

falls for all t ∈ (0, t̄), and (ii) increases overall, that is, the range of wages (W (1)−W (0))

increases. Wage polarization increases in relative terms if conditions (i) and (ii) hold for

logW (t). If (i) holds strictly for some t ∈ (0, t̄), then the increase is called strict.

The distribution of wages in the economy can easily be derived. Consider an ar-

bitrary wage w ∈ R. Self-selection implies that only workers with skill such that

wM(vM), wS(vS) ≤ w will earn less than w. Therefore, the economy-wide distribution of

wages is simply

FW (w) = Pr(W ≤ w) = C(w−1
M (w), w−1

S (w)), (19)

where w−1
i (w) = max{vi ∈ [0, 1] : wi(vi) ≤ w}. The inverse wage distribution is thus

W (t) =

0 for t ∈ [0, C(vcM , v
c
S)],

F−1
W (t) otherwise,

(20)

where F−1
W (t) is the inverse of FW (w). Note that both the distribution and the inverse

distribution of wages are fully determined by the wage functions and the copula of relative

skills.51 Of course, both wM and wS are endogenous and ultimately depend on C. The

wage function in sector i that holds under copula C(•, θj) will be denoted by wi(·, θj).
Consider any parametric family of copulas, and denote one of the parameters by θ.

I will differentiate W (t) with respect to θ, to find the effect of changes in the copula on

the inverse wage distribution.52 This is done for expositional ease; all of the reasoning

given here holds unchanged for finite jumps in θ. Denote by pi(t) the probability that

a worker who occupies rank t in the distribution of wages works in sector i.53 Then for

49Note that my definition does not require wages to increase less for the median worker than for the
least-earning workers, which did happen in the 1990s in the US. This will happen in my model for
plausible parameterizations (see Figure 2) but this result is not universal.

50Alternatively, we might want to consider the distribution of wages among employed workers only.
This does not matter for the overall effect on changes in concordance, as the number of employed workers
is unchanged; it does change the decomposition, however.

51By Lemma 1, vcM and vcS are fully determined by the wage functions.
52Of course, this implicitly assumes that C is differentiable with respect to θ.
53The formula for pi(t) can easily be derived. First, note that as the density of all workers occupying

rank t must be 1, pi(t) is simply equal to the density of workers with rank t who work in sector i.
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t ∈ (C(vcM , v
c
S), 1) we can write

d

dθ
W (t) = −

∂
∂θ
C(vM(t), vS(t))
∂
∂w
FW (W (t))︸ ︷︷ ︸

composition effect

+ pM(t)
∂

∂θ
wM(vM(t)) + pS(t)

∂

∂θ
wS(vS(t))︸ ︷︷ ︸

wage effect

, (21)

where vi(t) = w−1
i (W (t)) denotes the relative skill in sector i of a worker occupying

quantile t.

The composition effect holds constant the wage received by a worker with skill (vM , vS)—

and thus also their sector—but it varies with the numbers of workers with each relative

skill endowment that are available in the economy, whence the name.

As concordance increases, high skills are concentrated among fewer workers, hence

the number of workers skilled enough to earn more than w = W (t) falls. This means

that workers who earn w = W (t) occupy a higher rank than previously and, as a result,

the wage corresponding to quantile t must fall. Thus the composition effect of increased

concordance is unambiguously negative. Because wage functions are kept constant, the

lowest and highest wages must remain unchanged, and wages increase by less (fall more)

for workers in the middle of the wage distribution than at either extreme. This implies

trivially that the wage distribution becomes more polarized in both absolute and relative

terms. Note that this also implies trivially that the distribution of wages deteriorates in

the FOSD sense.54

In the standard Roy’s model, only the composition effect is present, because the wage

paid to a worker with vector (vM , vS) is given exogenously. In consequence, any increase in

skill concordance unambiguously increases wage polarization in the model of Roy (1951).

To the best of my knowledge, this feature of Roy’s model has not been pointed out

before.55 Finally, note that most models of self-selection differ only in how changes in

supply affect the wage functions. This means that the composition effect should work

similarly in all models of self-selection.

The wage effect captures how the inverse wage distribution is affected by changes in

the wage functions which are induced by a change in the copula. It is equal to the sum

of the changes in wages paid for skills (vM(t), vS(t)), weighted by the probability that a

worker who occupies rank t works in sector i. Note that the number of workers with each

Therefore, it follows from Equation 15 that

pS(t) = lim
h→0

∫ w−1
S (W (t+h))

w−1
S (W (t))

∂
∂vS

C(ψ(r), r)dr

h
=

∂
∂vS

C(w−1
M (W (t)), w−1

S (W (t)))
∂
∂vS

wS(w−1
S (W (t))) ∂

∂wFW (W (t))
,

and analogously for pM (t).
54This can be seen immediately by inspection of Equation (19).
55Gould (2002) pointed out the relationship between the correlation of skills and wage inequality in

the model of Heckman and Sedlacek (1985), but not its effect on wage polarization.
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skill endowment is held constant.

If the two sectors are symmetric (per Definition 2), then the wage effect increases the

wages of all workers and, in the process, also the absolute wage inequality. This is the

case, because under symmetry the fall in the overall supply of skill affects both sectors

equally, which by Equation (9) must increases wages and wage inequality. Note that, by

the definition of increased polarization, an increase in wage inequality counteracts the

increase in wage polarization caused by the composition effect. This case is discussed in

detail in Section 3.4.

In general, however, the fall in overall supply of skill can be biased toward one of

the sectors, in which case the wage effect might increase wage polarization. Suppose, for

example, that services employ the least and the most skilled workers (wS(0) > wM(0),

wS(1) > wM(1)) but outside of those two extremes they employ only workers who are

highly skilled in services but have low manufacturing skill. This means that most of the

workers who are equally skilled in both sectors (vM ≈ vS) work in manufacturing. As

concordance increases, the overall supply of skill falls but this is fueled mostly by a fall

in supply in services, as this sector has been employing most of the workers that were

highly skilled in just one dimension. In fact, the supply of skill in manufacturing might

increase for at least some skill levels. In such a case, wages increase and become more

unequal in services but fall and become less unequal in manufacturing. As highest and

lowest paid workers work in services, wage polarization increases by Equation (21). A

stylized example depicting such a scenario can be found in Online Appendix OA.1.

The overall effect, therefore, is ambiguous. There are circumstances in which both the

composition and wage effects contribute to an increase in polarization; in many other

cases, the wage effect will counteract the increase in wage polarization induced by the

composition effect.

There exists a crucial difference in the way in which the wage and composition ef-

fects can cause wage polarization. The wage effect increases wage polarization only if

the fall in skill supply is biased toward a sector that employs most of the highest and

lowest earners. In that sense, the wage effect resembles the mechanism underpinning

the most prominent explanation for wage polarization: task-biased technological change

(TBTC). Very roughly, the task-biased technological change hypothesis posits that wage

polarization is caused by a fall in demand for tasks that are performed predominantly

by medium-earning workers, which decreases their relative wages. My wage effect differs

from this explanation in that it shows that the fall in relative wages of medium-earning

workers can also be caused by supply-side changes. Nevertheless, it still requires the

change in supply to be biased toward one of the sectors.56

56The similarity between these mechanisms is underlined by the fact that my sectors bear a certain
resemblance to tasks in the TBTC literature, in that they are both defined by the combination of skills
required to work in them/perform them. In fact, Heckman and Sedlacek (1985) refers to what I call
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The composition effect, however, is present even if the fall in the overall supply of skill

is unbiased, that is, if the changes in wS(vS) and wM(ψ(vM)) are identical. This suggests

that it is fundamentally different from the existing explanations for wage polarization.

In fact, as the symmetric case of the model is equivalent to a single-sector assignment

model, an increase in skill interdependence can plausibly increase wage polarization even

in a model with no sectors or tasks, contrary to the founding observation in the TBTC

literature (Acemoglu and Autor, 2011; Lindenlaub, 2017). That this is possible follows

immediately from the fact that the wage effect does not exist in Roy’s model. In the next

section I will demonstrate that under symmetry the composition effect must dominate

the wage effect, even if the latter is present, as long as the support of employed skills

does not change.

3.4 Polarization in the Symmetric Case

I defined the symmetric case of the model in Section 2.2.3. Recall that under symmetry,

workers sort into the sector in which their relative skill is higher, implying that the

distributions of skill and wages are identical in both sectors. As a consequence, the

symmetric model is equivalent to a single-sector matching model. Thus, the results

derived in this section hold for any decrease in skill supply in the FOSD sense in a

single-sector assignment model, irrespective of what caused it.

In the symmetric case, an increase in skill concordance decreases the supply of skill in

each sector (as Si(vi) = 1
2
(1−C(vi, vi))), and so its wage effect increases wages and wage

inequality. This counteracts the increase in wage polarization caused by the composition

effect. Nevertheless, the overall effect of an increase in relative skill interdependence on

wage polarization is positive under fairly general conditions. Importantly, the change

in relative skill interdependence needs to meet a mild regularity condition. I will say

that—for a given value of critical skill—the change in interdependence is regular if there

exists some v′ > vcS, such that ∂
∂vS

C(v′, v′; θ2)− ∂
∂vS

C(v′, v′; θ1) 6= 0 and

sgn
( ∂

∂vS
C(v, v; θ2)− ∂

∂vS
C(v, v; θ1)

)
= sgn

( ∂

∂vS
C(v′, v′; θ2)− ∂

∂vS
C(v′, v′; θ1)

)
for all v ∈ (vcS, v

′). This condition is satisfied by all commonly used families of copulas but

excludes pathological cases, where the derivative oscillates between positive and negative

values in any neighborhood of the critical skill.57

relative skills as tasks, and many TBTC models use Roy’s model to capture workers’ self-selection into
tasks (Autor et al., 2003; Boehm, 2015).

57To be precise, this condition is satisfied for vcS = 0 by all of the one-parameter families listed in
Chapter 4 of Joe (1997) that satisfy Assumption 2, that is, families B1–B8 and B10. Furthermore, I
have verified that Gaussian, Plackett, Gumbel, Galambos, Hussler and Reiss, and Morgerstern copulas
(families B1, B2, B6, B7, B8, and B10) satisfy the regularity condition for any vcS .
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Figure 2: The effect of an increase in concordance on the distribution of log wages.
Computed for an increase in correlation from ρ = 0.66 to ρ = 0.99 in a Gaussian-exponential specification
of the model (see Section 4.1.1) with σi = 1, µi = 0, δ = − 1

3 , βi = 4, Ai = 1.37, and γ = 1214, i ∈ {1, 2}.

Proposition 3 (Wage Polarization). Suppose the model is symmetric, the concordance

of the relative skills distribution increases and this increase is regular. As long as the

increase in concordance leaves the critical skill level (vci ) unchanged, wage polarization

increases strictly in both absolute and relative terms.

Figure 2 depicts the impact of higher concordance on the inverse distribution of wages.

The increase in wage range follows trivially from the fact that W (0) is unchanged and

W (1) increases. However, if the critical skill levels remain unchanged, then the com-

position effect must dominate the wage effect in the left tail of the distribution, thus

increasing wage polarization. I will explain this for the case in which the numbers of

workers and firms are exactly equal and the value of the copula increases strictly for all

(vM , vS) ∈ (0, 1)2.58 The former ensures that every worker is matched with a firm of

productivity h = Gi(vi), where Gi : [vci , 1] → [0, 1] denotes the distribution of relative

skill in that sector:

Gi(v) = Pr
(
Vi ≤ t|wM(Vi) ≥ wS(Vj), wM(Vi) ≥ 0

)
,

with j 6= i. Note that Gi(vi) = C(vi, vi) in this case, and thus the critical skill is equal to

0, as required.

58The proof for the general case is based on analogous reasoning.
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In the symmetric case the difference between the wage received by a worker at rank

t and a worker at rank 0 is

W (t)−W (0) =

∫ G−1
i (t)

0

∂

∂vi
πi(s,Gi(s))ds. (22)

As the change in copula is regular, there exists some t̄1 such that ∂
∂θ
Gi(G

−1
i (s)) ≤

∂
∂θ
Gi(G

−1
i (t)) for all s ≤ t ≤ t̄. Therefore, for t < t̄1 we can write

d

dθ

(
W (t)−W (0)

)
=

∂

∂vi
πi(s,Gi(s))

d

dθ
G−1
i (t) +

∫ G−1
i (t)

0

d

dθ
Gi(s)

∂2

∂vi∂hi
πi(s,Gi(s)) ds

≤ ∂

∂θ
Gi(G

−1
i (t))

[ ∫ G−1
i (t)

0

∂2

∂vi∂hi
πi(s,Gi(s)) ds−

∂
∂vi
πi(s,Gi(s))

g(G−1
i (t))

]
.

Because a strict increase in concordance implies a strict fall in skill supply, ∂
∂θ
Gi(G

−1
i (t)) <

0 for all t ∈ (0, 1) and, trivially, the RHS must be negative for small enough t, thus proving

the fall in relative left-tail inequality. As the lowest wage is unchanged, left-tail inequality

must also fall in relative terms.

The condition that the critical skill levels remain unchanged is actually quite mild. It

boils down to the requirement that the fall in skill supply does not change the support of

skills that are actually employed in the economy. In this model, this is ensured whenever

jobs are weakly abundant (RM +RS ≥ 1).59 This might seem unappealing, as it implies

full employment. It is important to stress, however, that full employment is just one

(and a particularly stark) way of ensuring that skill support does not change, rather than

a condition in its own right. The actual critical condition is that, prior to the change

in concordance, workers of almost all skill levels have been employed with some positive

probability.60

Finally, it is worth noting that Proposition 3 holds even when the model is not sym-

metric as long as the change in concordance is unbiased. I show this formally in Online

Appendix OA.1.

3.5 Discussion

To the best of my knowledge, I am the first to point out that a fall in skill supply increases

wage polarization in a single-sector assignment model.61 There are good reasons why

59More generally, vci does not change whenever C(vcM (θ1), vcS(θ1)) remains constant.
60For example, suppose that only some fraction of the entire population of workers is able to access

the job market, perhaps due to some unspecified search process. In such an economy, involuntary
unemployment exists even if jobs are abundant, in the sense that more firms than workers managed to
enter the job market. Even this, however, is but a crude way of ensuring that the support of employed
skills does not change.

61Costinot and Vogel (2010) consider the effect of a fall in skill supply on wages in an assignment
model in the vein of Sattinger (1975) and Teulings (1995). However, they do not take the composition

25



this is the case. After all, in a one-dimensional world a fall in skill supply is a highly

implausible cause for the increases in polarization that were recorded in the US, given

the improvements in educational attainment in the preceding decades.62 This is not,

however, a major problem for the plausibility of the mechanism I propose. In my model,

an improvement in educational attainment would be represented as an improvement in

the marginal distribution of basic skills. This is where the point from Section 3.1 becomes

crucial: An improvement in the marginals of the skill distribution does not necessarily

increase the overall supply of skill in a multivariate world if it is accompanied by the skill

content of different sectors becoming more similar. Note that there exists strong empirical

evidence that the skill content of sectors, tasks, and occupations has been changing (Autor

et al., 2003; Spitz-Oener, 2006) and, in fact becoming more similar across sectors (Gould,

2002).

Of course, it is nevertheless hard to imagine that the overall surplus produced in the

economy has fallen, which would be implied by a technological (or other) change that

results only in reduced supply of skill. Fortunately, this is not required for the mechanism

proposed here to produce an increase in wage polarization. Consider any technological

improvement that affects both sectors in the same way and, ignoring the effect it has on

relative skill interdependence, either leaves the distribution of relative wages unchanged or

even (slightly) decreases inequality. Under symmetry, such a technological advancement

must increase wage polarization in relative terms as long as it increases relative skill

interdependence.63 Therefore, the link between skill interdependence, skill supply, and

wage polarization expands significantly the set of changes in technology and/or marginal

distributions of x that can plausibly explain wage polarization.64

An increase in relative skill interdependence is perfectly consistent with the “rou-

tinization” hypothesis by Autor et al. (2003), which posits that polarization has increased

because routine jobs were replaced by machines. The advent of computers is a very plau-

sible reason for why different sectors started coveting the same (cognitive) skills.65 In

effect into account, and thus find only that wages become more unequal.
62For example, between 1950 and 1990, the proportion of US residents age 25 or over who completed

high school rose from a little over 30% to over 70% (Figure 2 in Ryan and Bauman (2016)).
63 To see this, suppose that the model is originally symmetric, the copula becomes more concordant,

and surplus in both sectors increases multiplicatively: πM (•, θ2) = πS(•; θ2) = Aπi(•; θ1). Denote
as W (t;πi) the inverse wage distribution holding under surplus functions πi. Then logW (t;πi(θ2)) =
logA+ logW (t;πi(θ1)), and thus logW (t;πi(θ2))− logW (t;πi(θ2)) = logW (t;πi(θ1))− logW (t;πi(θ1)).
Thus by Proposition 3, the increase in concordance increases polarization as long as the support of
employed skills is unchanged. Similarly, if πM (•, θ2) = πS(•; θ2) = πI(•; θ1) +A, then left-tail inequality
will fall even more than if the reduced surplus function did not change, yet logW (1) − logW (0) will
increase as long as A is not too large.

64The word “plausibly” is key here, as we can always easily construct a surplus function that perfectly
fits any distribution of wages. The problem is that the type of technological change implied by the new
surplus function is often hard to reconcile with what we know about the nature of real-world technological
change.

65In the example from Section 3.2, an increase in αi can be thought of as a replacement of a worker
who was performing a non-cognitive task with a machine that requires no non-cognitive skill to operate
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fact, the impact this would have on relative skill interdependence provides an explana-

tion for the lag between the advent of computerization and increases in wage polarization:

Computerization started in the 1970s at the latest (Card and DiNardo, 2002), whereas

increases in wage polarization have been first recorded in the 1990s (Acemoglu and Au-

tor, 2011). However, if computers were first introduced in sectors that were already

cognitive-skill intensive, then changes in interdependence would at first contribute to a

fall in polarization—and not until later, when other sectors caught up, to an increase in

polarization.

Even so, the mechanism through which routinization operates here is distinct from

the mechanisms suggested in the literature thus far. In the existing literature, the change

in technology must be biased toward particular tasks (or occupations) (e.g Costinot and

Vogel, 2010; Acemoglu and Autor, 2011; Boehm, 2015; Lindenlaub, 2017). Here, the in-

crease in relative skill interdependence increases wage polarization even if the two sectors

remain symmetric. The difference goes beyond semantics; it follows from the reasoning in

Section 3.2 that a technological change need not be biased toward a particular dimension

of basic skill in order to increase polarization.66 Further, if the increase in interdepen-

dence is caused by changes in skill content, then it is going to produce a rich pattern of

rank switching, even under symmetry. In particular, in the example from Section 3.2,

some of the workers most hurt by the change in skill content would have been earning

very high wages previously.67 Finally, note that the existing empirical literature has rou-

tinely relied on the assumption that the skill content of occupations is unchanged. This

assumption is made for the purpose of identifying the impact of changes in task prices

(or the wage effect, using my terminology) on wage polarization (see Boehm, 2015) and

it likely leads to biased estimates.

4 Changes to the Reduced Surplus Functions

In this section I investigate the effects of changes to the reduced surplus functions. I

focus on changes that are sector specific, as I am interested in the way in which shocks

and policy interventions spread through the economy. I start the analysis by defining two

key concepts: vertical differentiation of workers and an increase in surplus levels.

Definition 6 (Vertical Differentiation). Workers in manufacturing become (strictly)

but needs to be occasionally reprogrammed and thus requires some degree of cognitive skill.
66 To see this, note that if in the example from Section 3.2 services were originally more cognitive-

intensive and manufacturing more non-cognitive intensive, then an increase in non-cognitive skill content
in services and in cognitive skill content in manufacturing would clearly lead to increased polarization.

67For example, suppose that αM1 = 0 and αS1 = 1 originally, and then αM1 increases to ≈ 1. This
would mean that some of the workers who were originally top earners have been moved to the very
bottom of the wage distribution.
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more vertically differentiated if, for any hM ∈ [0, 1] and any 0 ≤ v′M < v′′M ≤ 1

πM(v′′M , hM ; θ2)− πM(v′M , hM ; θ2)(>) ≥ πM(v′′M , hM ; θ1)− πM(v′M , hM ; θ1).

Workers become more vertically differentiated in manufacturing if the difference in

the surplus they produce increases for all levels of relative skill and all firms.68 This is

equivalent to an increase in the spread of the distribution of Π(X, h,M) in the sense of

Bickel and Lehmann (1979) (for all h ∈ [0, 1]).

Definition 7 (Increase in Levels). The level of surplus produced in manufacturing in-

creases universally if, for all (vM , hM) ∈ [0, 1]2, πM(vM , hM ; θ2) ≥ πM(vM , hM ; θ1).

The level of surplus produced in manufacturing increases universally if any match in

manufacturing produces more surplus than before. This is a very strong condition, but I

will demonstrate in this section that, despite its strength, a universal increase in the man-

ufacturing surplus level is not sufficient to generate an increase in the equilibrium supply

of skill in manufacturing. Further, I will provide an example showing that this condition

does not guarantee—in and of itself—that the total surplus produced in manufacturing

(that is, the sum of surpluses produced by manufacturing firms) increases.

In Section 4.1 I first show that if jobs are scarce (RM + RS ≤ 1), an increase in

vertical differentiation of manufacturing workers is sufficient for an increase in the equi-

librium supply of relative skill in that sector, regardless of what happens to the levels of

surplus. Then I consider a series of structured examples, which (a) illustrate that ver-

tical differentiation of workers can increase because of changes in either the distribution

of basic skills x, the distribution of basic productivities (z|i), or changes in the basic

surplus function Π; (b) demonstrate that a universal increase in manufacturing surplus

levels accompanied by a fall in vertical differentiation can result in lower total surplus

in manufacturing; and (c) explore the implications of my results. In Section 4.2, I then

consider the abundant-jobs case (RM + RS > 1) and show that in this case an increase

in both differentiation and surplus levels is needed to ensure a higher equilibrium supply

of relative skill in manufacturing.

4.1 Scarce Jobs

Scarcity of jobs implies that all firms are matched, the measure of firms in each sector is

fixed, and the positive and assortative matching function in each sector is equal to the

distribution of the relevant relative skill in that sector, Gi.

Lemma 3. If RM + RS ≤ 1, then Si(0) = Ri, which implies that Gi(vi) = 1 − Si(vi)
Ri

. If

jobs are strictly scarce (RM +RS < 1), then additionally wM(vcM) = wS(vcS) = 0.

68This is equivalent to an increase in the marginal surplus of relative skill for all matches in manufac-
turing: ∂

∂vM
πM (vM , hM ; θ2) ≥ (>) ∂

∂vM
πM (vM , hM ; θ1) for all (vM , hM ) ∈ [0, 1]2.
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All firms must be matched if jobs are scarce, because otherwise the unmatched firms

would hire the unmatched workers. With strictly scarce jobs, the competition from the

unemployed workers drives the wages of the least skilled employed workers down to their

reservation wage.

Proposition 4. If jobs are scarce and workers in manufacturing become more vertically

differentiated, then (i) the distribution of relative skill in manufacturing improves in the

FOSD sense, and (ii) the distribution of relative skill in services deteriorates in the FOSD

sense. If in addition, the increase in differentiation is strict, then strictly more relative

skill is supplied to manufacturing and strictly less to services.

This result can best be understood by focusing on the impact on the demand for

relative skills. How do manufacturing firms’ hiring decisions change after an increase in

vertical differentiation but before the wage functions have time to adjust?69 Because the

difference in surplus produced by different workers has increased but the difference in

wages has not, high-skilled workers become relatively underpaid. As a result, all firms

want to hire a worker of higher relative skill than in the old equilibrium: The demand

for relative skill shifts upward.70 This is depicted in the left panel of Figure 3. Note

that with scarce jobs, all firms want to hire some worker, and hence their hiring decisions

depend on the differences in surplus only; the levels play no role at all. The upward shift

in skill demand draws in additional marginal high-skilled workers into manufacturing and

causes some marginal low-skilled workers to leave for services, which is depicted in the

right panel of Figure 3.

In addition to its impact on sorting, the shift in demand affects wages as well. To

bring the most interesting results into focus, in the discussion on wages I focus on strict

increases in vertical differentiation; all of those results extend easily to the more general

case. It is also worth noting that in the case of strict supermodularity, results (i) and

(iii) in the following proposition hold strictly.

Proposition 5. If jobs are scarce and workers in manufacturing become strictly more

vertically differentiated, then (i) in services, wages increase for all workers, and the higher

the relative skill the greater the increase; (ii) in manufacturing, wages increase strictly

for a positive mass of the workers of highest relative skill; and (iii) in both sectors the

69That is, if firms still have to pay wage wM (vM ; θ1) for relative skill vM .
70The reasoning here is the same as in the monotone comparative statics results in Milgrom and

Shannon (1994), with vertical differentiation being a condition analogous to increasing differences. Ac-
cordingly, an increase in vertical differentiation is a stronger condition than needed for Proposition 4 to
hold. What is sufficient is that the marginal surplus of relative skill increases for all existing matches,
rather than globally (see Theorem 3 and proof thereof in Appendix C). For small changes in the surplus
function, this weaker condition is equivalent to an upward shift in demand. In general, however, these
two are not equivalent. As an example, consider a change in surplus from vMhM + 1 to 1 for all vM < 1
and to 2 for vM = 1. Under the old wages, all firms would like to hire workers with vM = 1. However,
the measure of such workers is zero, so in equilibrium essentially all manufacturing firms would be hiring
only those workers whose services skill is too low to enable them to find employment in services.
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Figure 3: Left panel: v∗ is the skill of the worker hired by firm h in the old equilibrium.
All workers with skill v ∈ (v∗, v′) are strictly preferred by the firm after the increase in
differentiation but before wage functions have time to adjust.
Right panel: change in the equilibrium separation function.

range of the wage distribution increases, strictly in manufacturing. If jobs are strictly

scarce, the increases in wages and wage range in services are strict, and manufacturing

wages fall strictly for a positive mass of workers with low relative skill.

Wages increase for manufacturing workers of high relative skill, as those workers are

now in higher demand; similarly, wages fall for low-skilled workers in manufacturing, as

those workers are now less in demand.71 It is not true, in general, that the wage of a

worker with higher skill increases by more than the wage of a worker with lower skill. This

is because two effects are in play. On the one hand, the increase in vertical differentiation

increases the wages of high-skilled workers by more. On the other hand, however, the

increase in the supply of skill means that workers with higher skill face tougher competi-

tion than previously, which lowers their wages in comparison to manufacturing workers of

lower skill. In the services sector, the fall in the supply of skill is the only force affecting

wages and the difference in wages earned by workers of any two levels of relative skill

increases.

In addition to the results in Proposition 5, in the case of services we can conclude

something more about measures of inequality other than range. Keeping the relative skill

distribution constant, the variance of wages increases.72 This means that the variance

increases for the incumbents, that is, the workers who work in services in both the old

and new equilibria.73 It does not, however, necessarily imply an overall increase in wage

variance in services, as the distribution of relative skill changes.74 Keeping the wage

71If RM + RS = 1, then it is possible that vcM = 0 in both the old and new equilibria, in which case
wM (0) = wS(0) = 0 and there is no change in wage for the least skilled worker.

72The increase in the difference in wages earned by workers of different skill levels means that—keeping
the distribution of relative skill constant—the wage distribution spreads out in the Bickel and Lehmann
(1979) sense; hence variance increases by Equation (3.B.25) in Shaked and Shanthikumar (2007).

73Formally, the set of incumbents is defined as I = {(vM , vS) : wS(vS , θ1) >
wM (vM , θ1) and wS(vS , θ2) > wM (vM , θ2)}.

74In fact, it is the change in the relative skill distribution that spreads out the wage in services in the
first place.
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function constant, the fall in the supply of relative skill has an ambiguous effect on

variance, hence the overall effect of an increase in vertical differentiation of manufacturing

workers on wage variance in services is ambiguous.

Both the range and the variance are measures of absolute wage inequality. In many

contexts, however, relative inequality might be of more interest. In manufacturing, the

ratio of wages earned by the highest skilled workers to wages earned by the lowest skilled

workers strictly increases, because high-skilled workers earn strictly more, and workers of

lowest skill strictly less, than previously. In services, however, the direction of the change

in relative inequality depends on the workers’ reservation wage. Thus far, the reservation

wage has been normalized to 0, as it is of no import for the equilibrium, changes in sorting

patterns, and changes in wage levels.75 It does, however, matter for the change in relative

inequality in services: A given increase in the difference in wages can result in a higher

or lower ratio of wages, depending on what the original wage level was. In particular, if

jobs are strictly scarce and the reservation wage is high enough, relative wage inequality

increases in services, in that the ratio of wages earned by high-skilled workers to wages

earned by low-skilled workers goes up.76 Note that this could never happen in a model

where workers are perfect substitutes.77

Proposition 6. If jobs are scarce and manufacturing workers become more vertically

differentiated, then both total surplus and profits fall in services. If, further, the level of

surplus in manufacturing increases universally, then total surplus produced in manufac-

turing increases as well, as does total surplus produced in the economy.

As was the case with wages, profits and total surplus in services are affected only

by the fall in skill supply. Lower supply of skills means that firms are matched with

less skilled workers, which decreases both their profits and the surplus they produce. In

manufacturing, total surplus and profits are affected both by the increase in skill supply

and the change in the surplus function. If surplus levels increase universally, then the

surplus produced by any manufacturing firm increases and, as a result, total surplus in

75As long as every match produces more than the sum of the workers’ reservation wage and the firms’
reservation profit.

76We can write the ratio of wages earned by two different workers in services as

wS(v′′S) + pw
wS(v′S) + pw

= 1 +
wS(v′′S)− wS(v′S)

pw + wS(v′S)
,

where pW denotes the workers’ reservation wage and wS(·) is the wage function under pW = 0. If v′′s
is sufficiently close to 1 and v′S is sufficiently close to vcS(θ1), then it follows from Proposition 5 that
wS(v′′S)− wS(v′S) strictly increases, and thus we can write

pw >
(wS(v′′S ; θ1)− wS(v′S ; θ1))wS(v′S ; θ2)− (wS(v′′S ; θ2)− wS(v′S ; θ2))wS(v′S ; θ1)

(wS(v′′S ; θ2)− wS(v′′S ; θ1))− (wS(v′S ; θ2)− wS(v′S ; θ1))
.

Therefore, there exists a high enough pw for which relative inequality increases.
77With perfect substitution, any change in skill supply in services affects wages of all workers propor-

tionally, thus leaving relative inequality unchanged.

31



manufacturing rises. If vertical differentiation increases but surplus levels fall universally,

the effect on production in manufacturing is ambiguous. An example is provided in

Section 4.1.2.

The change in profits of manufacturing firms depends not only on the level of surplus

and the supply of skill but also on the vertical differentiation of firms, that is, the change

in ∂
∂h
πM . This is explored in more detail in Sections 4.2 and 5.3.

4.1.1 Gaussian-exponential Specification

In the rest of my analysis of the scarce-jobs case, I provide three examples, each of

them illustrating a different type of change that could cause an increase (or decrease)

in vertical differentiation of workers. I do this using the following Gaussian-exponential

(GE) specification of the model.

The vector x of basic skills is jointly normally distributed with mean µx and covariance

matrix Σx. Productivity z, conditional on the firm operating in sector i, is distributed

uniformly on [β
¯i
, β̄i], with β̄i > β

¯i
≥ 0. The basic surplus function in sector i is given

by Π(x, z, i) =
(
Ai + 1−e−δαixT

δ

)
zγi , where αi = [αi1, αi2 . . . αiN ]T is an N -dimensional

vector of (basic) skill requirements, Ai > 0 determines the extent to which productivity

influences surplus irrespective of skill, δ determines the curvature of surplus as a function

of skill, and γi ≥ 0 determines the extent to which skills and productivity are supermod-

ular. Note that with δ < 0 this model is equivalent to a model in which ln(x) is jointly

normally distributed and surplus is multiplicative: (Ai + αix
T )zγii .78

In the Gaussian-exponential specification, each sector uses some linear combination

of the basic skill components in its production process. Denote the linear combination

of skills required by sector i by v′i(x) = αix
T , which gives us a vector of indices (v′M , v

′
S)

that are N(µ,Σ) distributed, with

µ =

[
µM

µS,

]
= αµx, Σ =

[
σ2
M ρσMσS

ρσMσS σ2
S

]
= αΣxα

T , and α =

[
αM

αS

]
.

Normalizing v′i and z|i in such a way that their marginal distributions are standard

normal, yields the following canonical formulation of the model:

πi(vi, hi) =
(
Ai +

1

δ

(
1− e−δ

(
Φ−1(vi)σi+µi

)))(
(β̄i − β

¯i
)hi + β

¯i
)
)γi
,

C(vM , vS) = Φρ

(
Φ−1(vM),Φ−1(vS)

)
,

where Φρ is the cdf of a standardized bivariate normal distribution with correlation ρ

78Note that if jobs are abundant in both sectors (Ri > 1), and if δ = −1, Ai = 1, and γi = 0, then this
specification reduces to the model in Roy (1951): The logarithm of skills is joint normally distributed,
and the surplus function does not depend on firms’ productivity.
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and Φ is the cdf of the univariate standard normal distribution.79 In the three following

examples, the assumption that jobs are scarce is maintained; in general, however, the GE

specification is applicable even if jobs are abundant.80

4.1.2 Public Investment in Education

Suppose the government would like to boost the total surplus produced in manufacturing,

by investing in the training of a skill that is used more intensively in manufacturing than

in services.81 To make things really simple, I focus on the extreme case in which one of

the basic skills (x1) is (nearly) manufacturing specific, with αS1 ≈ 0.82 Investment in the

quality of x1 training increases its mean µ1. Table 1 provides a numerical example with

three basic skills: x1 is manufacturing specific, x2 is services specific, and x3 is a general

purpose skill, used with equal weight in both sectors.

The investment in skill x1 will have two effects: the direct effect and the sorting

effect. The direct effect is the change that would occur if there were no re-sorting of

workers; the sorting effect captures the impact of re-sorting. The direct effect is positive,

because an improvement in µM1 increases πM for any possible match. The direction of the

sorting effect, however, depends on whether the investment in x1 increases or decreases

the vertical differentiation of manufacturing workers. As a benchmark, note that for

univariate normally distributed variables, a change in µ has no effect on the spread of

their distribution. Therefore, for surplus that is linear in skill (δ → 0), an investment

in µ1 does not affect workers’ vertical differentiation, hence there is no sorting effect and

manufacturing expands solely via the positive direct effect.

The situation is quite different if δ is negative. In this case the basic surplus function

is convex in skill, hence any improvement in the distribution of x1 in the FOSD sense

increases the differences in the surplus produced by workers of different relative skill.

This causes a positive sorting effect in manufacturing, in line with Proposition 4. At the

79The Gaussian-exponential specification does not satisfy Assumption 1, as it is not defined for vi = 1
and not differentiable for vi ∈ {0, 1}. Formally, I solve this problem by working with a surplus function
with an additional truncation parameter ai, which approaches πi as ai → 0 (see Online Appendix OA.5
for details). Then in simulations, I just set ai close to 0. This procedure is equivalent to first aggregating
x and then truncating the aggregate v′i at values far removed from the mean. For expositional simplicity,
I will ignore this problem in the main body of the paper.

80With no changes if δ < 0; otherwise, v′i needs to be truncated to ensure that πi > 0, because
otherwise πM would admit negative values for vi ≈ 0, regardless of the values of other parameters. See
Online Appendix OA.5 for details.

81There exists a plethora of reasons why this might be the government’s goal, some of them economi-
cally justifiable, others less so. The government might be worried about deindustrialization for strategic
reasons, or because the manufacturing sector is a powerful engine for productivity growth and experiences
unconditional productivity convergence, unlike services (Rodrik, 2013). Alternatively, the government
might be focused on manufacturing for purely political reasons: thinking manufacturing growth is more
salient or having an electorate and donors that are concentrated in manufacturing.

82If the model was initially symmetric, this assumption is not needed; αM1 > αS1 is sufficient. In
the asymmetric case, however, the exact shape of the equilibrium separation function matters as regards
how much more important x1 needs to be in manufacturing than in services for Proposition 4 to apply.
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% change in output for δ =

Sector Type of effect −1 (convex) 0 (linear) 1 (concave)

Manufacturing direct 0.5 0.24 0.26
sorting 0.62 0 −0.32
overall 1.12 0.24 −0.07

Services overall −0.66 0 0.34

Table 1: The effects of an increase in µ1 from 0 to 1.
Computed for Gaussian-exponential specification: N = 3; x ≈ N(0, I) (I is the identity
matrix); αS = [0.1, 0,

√
0.99]T , αS = [0, 0.1,

√
0.99]T ; Ai = 41; β

¯i
= 2, β̄i = 3, γi = 2,

Ri = 0.49.

same time, the supply of skills decreases in services, causing its contraction.

If δ is positive, then surplus in services is concave in skills. By analogous reasoning,

an increase in µ1 makes manufacturing workers less vertically differentiated. This is

plausible in the context of education, where often the greatest gains in productivity come

from closing the gap between students that are already high achieving and those who are

underperforming. However, if this is the case, then the sorting effect is negative: The

investment in the manufacturing-specific skill makes firms less willing to hire workers of

high relative skill and worsens sorting into that sector. In extreme cases, the negative

sorting effect can dominate the positive direct effect and cause a decline in manufacturing

(Table 1 provides an example). Thus this seemingly straightforward policy can easily

backfire in this model. Note that this could never happen in a selection model with

perfect substitution of workers.83

The results for the concave case have further counterintuitive implications. For ex-

ample, if the government had to choose whether to invest in x1 and x2, then, wanting

to boost manufacturing, its best option might be to invest in the services-specific skill.

Furthermore, such an investment could lead to a contraction of services, implying that

manufacturing expands by more than the economy as a whole. This puts in doubt the con-

clusions from Justman and Thisse (1997) and Poutvaara (2008), who argue that if workers

can migrate between regions (sectors), then governments will necessarily under-invest in

the training of skills, foreign-specific skills (here: services-specific skills) in particular.84

83 In such models, the change in skill supply has two effects: It changes sorting and the relative price of
the manufacturing task (which is analogous to the relative manufacturing skill in this model). Suppose
manufacturing contracted following an increase in the supply of the manufacturing-specific skill. This
is possible only if fewer efficiency units of the manufacturing task are supplied, which in turn implies
that more efficiency units of the services task are supplied. But this would raise the relative price of the
manufacturing task, which—together with the increase in the supply of x1—would lead to an expansion
of manufacturing. Contradiction!

84This literature models the strategic interactions much more carefully, which is beyond the scope of
this paper; nevertheless, this example should make it clear that in my model it is not certain that there
will be underinvestment in foreign-specific skills.
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As an aside, this example is a good showcase for the advantages of the canonical

formulation. In terms of the basic formulation, an increase in µ1 affects only the (multi-

variate) sectoral supply of (basic) skills. In equilibrium, the sectoral supply of basic skills

is driven partly by the increase in µ1 and partly by sorting, generally with an ambiguous

end effect. In the canonical formulation, this is decomposed into an improvement in the

reduced surplus function, which captures the direct effect of the increase in µ1, and a

change in the sectoral supply of relative skill, which captures the effect on sorting. In

particular, this allows for a meaningful comparison of the quality of workers who sort

into manufacturing, even in cases when the distribution of basic skill has changed.

4.1.3 Productivity Distribution and Inequality Transmission

I will now address the impact of an improvement in the distribution of firms’ productivity.

The most natural interpretation of such an improvement is the introduction of a more

efficient technology, although trade liberalization could have a similar effect (see Melitz,

2003; Sampson, 2014).85 In the Gaussian-exponential specification, the distribution of

firms’ productivity z in sector i depends on two parameters: β
¯i

and β̄i. An increase in ei-

ther of them improves the distribution of productivity in the FOSD sense but their effect

on the spread of productivity distribution differs. Specifically, an increase in β
¯i

makes

firms more similar, in the sense that ∂
∂h
πi falls, whereas β̄i has the opposite effect. This

difference matters as regards how firms’ profits change but in the baseline model discussed

here it has the same effect on sorting, qualitatively speaking.86 This is because any im-

provement in the distribution of z|i increases the basic productivity of a firm with relative

productivity hi. As basic surplus is strictly supermodular in the Gaussian-exponential

specification (for γi > 0), this means that for any relative productivity hi the difference

in the surplus produced by workers of high and low relative skill increases. Thus surplus

levels increase, and manufacturing workers become more vertically differentiated. This

reasoning applies more generally than just for the Gaussian-exponential specification.

Lemma 4. If Π(x, z, i) is strictly increasing in productivity, then under Assumptions

1 and 3 an improvement in the distribution of (Z|M) in the FOSD sense implies that

manufacturing workers become more vertically differentiated.

Therefore, if jobs are scarce, Propositions 4–6 hold if either β
¯i

or β̄i increases. Con-

sequently, the adoption of more efficient technologies makes the least skilled workers in

that sector worse off (Proposition 5).87 Crucially, the relation between the distribution

85Note, however, that in the Melitz model, trade liberalization also changes the mass of firms, which
would then increase the number of workers. The effect of such expansion on wage inequality is discussed
in Section 5.3.2.

86In the extended model from Section 5, where firms’ entry decisions are endogenous, these two changes
would have different effects on sorting.

87This is reminiscent of the effects in the task-based model of Acemoglu and Autor (2011), where, for
example, high-skilled augmenting technology could result in a fall in wages for medium-skilled workers.
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% change in

Sector Type of effect surplus wage variance wage range

Manufacturing direct 19.35 82.32 39.53
overall 20.57 −39.98 11.83

Services overall −1.035 67.24 11.42

Table 2: The effects of an increase in β
¯M

from 2 to 2.5.
Computed for Gaussian-exponential specification: N = 3; x ≈ N(0, I) (I is the identity
matrix); αS = [0.1, 0,

√
0.99]T , αS = [0, 0.1,

√
0.99]T ; δ = 1; Ai = 41; β

¯i
= 2, β̄i = 3,

γi = 2, Ri = 0.49.

of productivity and workers’ differentiation implies that technological change which is

restricted to just one sector can increase wage inequality in many industries. A numeri-

cal example using the concave case of the Gaussian-exponential specification is provided

in Table 2. In this example, β
¯M

increases and all manufacturing firms become more

productive but also more similar. This affects wage inequality in manufacturing directly,

increasing drastically both the wage range and the wage variance.88 However, the sort-

ing effect works in the opposite direction: Wage inequality falls in manufacturing and

increases in services. Overall, and in line with Proposition 4, the wage range increases

in both sectors. The increase is stronger in manufacturing (which is true in general, not

just in this example) but the magnitude is very similar in the two sectors. The results for

variance are even more striking, albeit less general: The variance decreases in manufac-

turing overall but increases in services. This suggests that, for example, Rosen’s (1981)

superstar effect could be driving the increases in wage inequality even in sectors that are

not directly affected by the improvements in communication technology.

The effect of an improvement in β
¯i

on total surplus is as implied by Proposition 6

and Lemma 4: There is an increase in manufacturing and a fall in services.

4.1.4 Inter-regional Competition for Skills as a Force for Inequality

Suppose that the two sectors are concentrated in two distinct regions: the manufacturing

region and the services region. In the English context this could be thought of as the

North of England and London. The manufacturing region considers an investment in

regional broadband infrastructure. I will assume that such an investment would improve

the surplus produced by all matches in manufacturing but particularly so for matches

88As explained in footnote 79, in the simulations I truncate the distribution of α1ix1 + α2ix2 + α3ix3,
and only for that reason there is any change in wage range—without this truncation wage range is always
equal to infinity. For that reason, the object called “wage range” in Tables 2 and 3 should perhaps be
more correctly thought of as an approximation of the change in the difference between the wages earned
by workers at the 0.1 and 99.9 percentile in the within-sector wage distribution.
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% change in

Sector Type of effect surplus wage variance wage range

Manufacturing direct 9.86 23.42 11.39
overall 10.24 10.31 10.92

Services overall −0.66 −31.57 0.71

Table 3: The effects of an increase in γM from 2 to 2.1.
Computed for Gaussian-exponential specification: N = 3; x ≈ N(0, I) (I is the identity
matrix); αS = [0.1, 0,

√
0.99]T , αS = [0, 0.1,

√
0.99]T ; δ = −1; Ai = 41; β

¯i
= 2, β̄i = 3,

γi = 2, Ri = 0.49.

involving high-skilled workers.89 Formally, this will be captured by an increase in the

exponent γM .90

An increase in γM increases both the level of surplus and workers’ vertical differen-

tiation in manufacturing. Thus its direct effect is an increase in total surplus and an

increase in inequality. After workers re-sort, total surplus increases further, while the

wage range decreases. In the numerical example provided in Table 3, the overall effect

on the wage variance is positive in manufacturing and negative in services.91 In services,

total surplus falls and the wage range increases.

Suppose that the two sectors are symmetric and both regions need to decide whether

to invest in broadband. In particular, suppose that the direct increase in total surplus

is lower than the cost of the investment but the overall increase is well worth the cost,

regardless of what the other region decides. The two regional governments have to si-

multaneously choose whether to invest in broadband infrastructure, and their payoff is

the percentage change in average surplus net of the investment cost per capita (if any).

The strategic form of this game is presented below for the specification from Table 3 and

investment cost per capita equal to 10% of the pre-game average surplus.

Services

Manufacturing

γM = 2 γM = 2.1

γS = 2 0%, 0% −0.66%, 0.24%

γS = 2.1 0.24%, −0.66% −0.14%, −0.14%

This is clearly a case of the Prisoner’s Dilemma, with both governments investing in

broadband in equilibrium. This means that neither of them improves the supply of skills

in their region and their gains are limited to the direct effect of the investment, which is

not worth its cost. As a consequence, wage inequality increases in both regions as well (see

89For suggestive evidence that broadband internet is indeed a complement of skill see Akerman,
Gaarder, and Mogstad (2015).

90I will assume here that β
¯M
≥ 1, to ensure that an increase in γM raises the surplus.

91As we have seen in Section 4.1.3, this effect is not general.
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Table 3).92 In general, investments that increase workers’ vertical differentiation impose

a negative externality on other regions while also increasing overall wage inequality. This

suggests that interregional or international competition for high-skilled workers is a force

for greater inequality.93

4.2 Abundant Jobs

If jobs are abundant (R1+R2 > 1), the level of surplus plays a role in determining whether

a firm hires any worker at all or exits the market, that is, in determining the extensive

margin of a firm’s hiring decision. In particular, if there is no change in workers’ vertical

differentiation in manufacturing but the level of surplus falls, then some low-productivity

manufacturing firms will likely decide to leave the market, which will shift the demand for

relative manufacturing skill downward. To address this, in this section I focus on changes

in reduced surplus that both increase workers’ vertical differentiation and increase the

levels of surplus.

Proposition 7. If (a) jobs are abundant, (b) surplus levels in manufacturing increase uni-

versally, and (c) manufacturing workers become more vertically differentiated, then more

relative skill is supplied to manufacturing and less to services in equilibrium (SM(vM)

increases and SS(vS) falls for all vi). If the increase in vertical differentiation is strict,

then the changes in relative skill supply are strict for some vi.

Let us again consider the change in manufacturing firms’ hiring decisions after the

reduced surplus function has changed but before wage functions have adjusted. By the

logic outlined in Section 4.1, every firm will want to hire a more skilled worker than pre-

viously. Additionally, some firms that did not find it profitable to hire anyone previously

will now decide to hire a low-skilled worker, because of the increase in surplus levels.

Thus again the demand for relative skill in manufacturing shifts upward, which draws in

additional workers from services, so that employment rises in manufacturing and falls in

services.94 Note that this time some of those additional workers could be of relatively

low skill, as the increase in surplus levels implies that manufacturing generally becomes

more productive relative to services.

The difference between the scarce- and abundant-jobs cases is that in the former only

the intensive margin of demand (which worker is hired by firm hM) matters, whereas

in the latter the extensive margin (whether firm hM hires any worker) matters as well.

92Note that because there is no re-sorting in the equilibrium of the investment game, both sectors will
experience just the direct effect of the investment.

93In contrast to the example in Section 4.1.3, the insights from this example carry over virtually un-
changed even if firms’ entry decisions are endogenous, especially in Costrell–Loury specifications (defined
in Section 5.1.1).

94The increase (fall) in manufacturing (services) employment follows immediately from the increase
(fall) in skill supply.
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Furthermore, if jobs are abundant in both sectors (Ri ≥ 1), then in the important special

case of Roy-like models the intensive margin does not matter at all for the equilibrium

supply of relative skill.95 In general, a demand shift at the intensive margin increases

the relative market power of high-skilled workers, allowing them to receive a greater

share of surplus. In Roy-like models, however, firms are not sufficiently heterogeneous

to have any market power at all, as each firm can always be replaced by an identical,

unmatched company. Therefore, workers always receive the entire surplus, regardless of

how differentiated they are. More generally, vertical differentiation of workers has an

impact on equilibrium sorting only if firms’ heterogeneity is substantial enough to allow

at least some of them a degree of market power.

Proposition 8. If (a) jobs are abundant, (b) surplus levels in manufacturing increase

universally, and (c) manufacturing workers become more vertically differentiated, then

all wages in services increase, as do wages of the most skilled manufacturing workers.

Less skill is supplied to services, and thus again wages rise.96 In manufacturing, the

wages of high-skilled workers rise, as they are in higher demand. However, the change in

wages of the least skilled workers is ambiguous, because the demand for those workers

might not have fallen. While it is true that the firms that employed them previously will

now demand better workers, manufacturing firms that previously were not employing

anyone might now want to hire those low-skilled workers.

The impact on the wage range is ambiguous in both sectors, as in certain cases the

increase in surplus levels may be equality enhancing.

Proposition 9. If (a) jobs are abundant, (b) surplus levels in manufacturing increase

universally, and (c) manufacturing workers become more vertically differentiated, then

both total surplus and profits fall in services, whereas the total surplus produced in

manufacturing rises.

In the abundant-jobs case, the results for profits and total surplus are exactly the

same as in the scarce-jobs case, as is the intuition behind them. In the abundant-jobs

case, however, it is particularly easy to see why an increase in workers’ differentiation and

surplus levels is not enough to ensure an increase in manufacturing profits. Suppose that

the old surplus function πM(vM , hM ; θ1) = vMhM changes to πM(vM , hM ; θ2) = vM and

that RM > 1. This increases both the surplus produced in any match and the marginal

surplus of skill, in both cases because hM ≤ 1. Under the new surplus function, however,

firms are identical and abundant, and thus realize no profit (regardless of the supply of

skill in manufacturing).

95A formal result is provided in Online Appendix OA.3.
96It is worth noting that although the difference in the wages earned by high- and low-skilled workers

increases, this does not necessarily result in an increase in the wage range. The reason is that critical
skill in sector two may rise as the measure of active services firms falls.
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5 Endogenous Entry of Firms

In this section, I extend the model to allow for endogenous firm entry. The equilibrium of

the extended model exists and is unique in a sense stronger than in the baseline model:

The zero-expected-profits condition pinpoints wages for all matched workers. I also show

that the comparative statics results on the impact of (a) greater skill concordance on

wage polarization (Proposition 3 from Section 3) and (b) increased worker differentiation

on skill supply (Proposition 7 from Section 4) generalize naturally. All the analysis in

this section focuses exclusively on the canonical formulation of the model.

5.1 The Extended Model

I will model firm entry by extending the approach from Melitz (2003) to the two-sector

case. Suppose that there exists an unlimited supply of potential firms that are ex ante

identical. If a potential firm decides to enter sector i, it pays cost ci > 0 and then draws

productivity hi from a standard uniform distribution. This implies that the measure

of firms in sector i (i.e., Ri) is determined endogenously but the ex post distribution of

productivity in each sector is always standard uniform.

Recall that, for given sectoral wage functions wM , wS, the profit of firm hi in sector i

is given as

ri(hi) = max
v∈[0,1]

πi(v, hi)− wi(v).

Then the expected profit in sector i can be defined as

r̄i =

∫ 1

0

max{ri(h), 0}dh.

Firms enter the sector that maximizes their expected profits net of entry cost (if any).

This implies that if entry is positive in sector i (Ri > 0), then the expected profit must

be equal to the cost of entry: r̄i = ci.

Definition 8 (Competitive Equilibrium). An equilibrium consists of sectoral skill supply

functions SM , SS, sectoral skill demand functions DM , DS, and sectoral wage functions

wM , wS that satisfy conditions (i)–(iii) from Definition 1, as well as (iv) two sectoral

measures of firms, RM , RS ∈ R≥0, such that r̄i = ci if Ri > 0 and r̄i ≤ ci otherwise.

It follows that any equilibrium of the extended model must also be an equilibrium of

the baseline model.97 Formally, denote by EB the set of all such worker and firm allocation

quadruples E = (SM , SS, RM , RS) such that the supply functions (SM , SS) hold in an

97Note that if Ri = 0 for some i ∈ {M,S}, then the baseline model reduces to the standard single-sector
model from Sattinger (1979).
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equilibrium of the baseline model if the sectoral firm measures are RM , RS ∈ R≥0.98 For

any RM , RS > 0, the corresponding SM , SS were characterized in Section 2. If Ri = 0,

then Si(v) = 0 and Sj(v) = min{1− v,Rj} in any equilibrium of the baseline model.99

Analogously, denote by EE the set of all quadruples E = (SM , SS, RM , RS) such that

SM , SS are the supply functions and RM , RS the sectoral firm measures that hold in an

equilibrium of the extended model. Clearly, E ∈ EE if and only if E ∈ EB and satisfies

condition (iv) from Definition 8.

Existence and Uniqueness In order to show existence and uniqueness of the equi-

librium, it will be useful to first show that results analogous to the two Fundamental

Welfare Theorems hold in the extended model.

It has been known since at least Gretsky et al. (1992) that in an assignment model

(such as the baseline model from Section 2) any equilibrium is efficient and any efficient

assignment is an equilibrium. The extended model presented here, however, is not a

special case of the model in Gretsky et al. (1992), and thus efficiency of equilibria needs

to be established separately.

The total gross surplus is defined analogously to the total surplus in the baseline

model (Equation (18)). That is, total gross surplus produced in sector i in equilibrium

E ∈ EB is equal to the sum of surpluses produced by all workers who joined sector i,

taking into account that within-sector matching is positive and assortative:

Ti(E) =

0 if Ri = 0,∫ 0

1
πi

(
vi, 1− Si(vi)

Ri

)
dSi(vi) otherwise.

(23)

The total net surplus produced in the economy is equal to the sum of the gross surplus

produced in the two sectors net of entry costs: V (E) = TM(E) +TS(E)− cMRM − cSRS.

Proposition 10. A worker and firm allocation E ∈ EB can hold in an equilibrium of

the extended model if and only if it uniquely maximizes the total net surplus, that is,

E∗ ∈ EE ⇔ V (E∗)− V (E ′) > 0 for all E ∈ EB \ {E∗}.

This result can be interpreted as an analogue of the First and Second Welfare The-

orems for this economy. First, it means that any equilibrium is efficient. Secondly, it

means that any efficient allocation of workers and firms to sectors holds in some equi-

librium.100 Finally, it implies that any equilibrium allocation of workers and firms E

98Formally, the quadruples in E are such that if the sectoral firm measures are RM , RS , then there
exist wage functions wM , wS that, together with the supply functions SM , SS and demand functions
DM = SM , DS = SS , satisfy the conditions from Definition 1.

99The first part is trivial. The second part follows from the fact that all workers will be available to
join the other sector but market clearing requires that at most Rj can actually be hired by sector j firms.

100This is because any efficient allocation of workers given RM , RS is an equilibrium of the baseline
model, which follows from the results in Gretsky et al. (1992).
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maximizes total net surplus uniquely. It follows trivially that if an equilibrium exists it

must be (essentially) unique.

Theorem 2. An equilibrium exists and is essentially unique, in that the equilibrium

measure of firms entering each sector, as well as relative skill supply and demand, are

unique. Further, the equilibrium wage functions are uniquely determined for all matched

workers (i.e., for vi ≥ vci ).

Both the existence results and the uniqueness results are new.101 This is in contrast to

the baseline model, where uniqueness of the equilibrium was a new result but its existence

could have easily been shown from existing results for assignment models (Gretsky et al.,

1992). Further, the uniqueness of equilibrium is stronger here than in the baseline model,

as wages are de facto uniquely determined even if RM +RS = 1. This is because constant

average profits pinpoint the split of surplus in the least productive match (see below).

5.1.1 Relation to Other Models

The extended model nests Roy’s model in a manner similar to the baseline model. How-

ever, as far as single-sector assignment models are concerned, the extended model nests

the model of Costrell and Loury (2004) rather than that of Sattinger (1979).102

Costrell and Loury (2004) In the hierarchical job assignment model of Costrell and

Loury (2004), firms are homogeneous but consist of a hierarchy of heterogeneous jobs.

The surplus produced by a firm is simply the sum of the surpluses produced by all the

jobs (and all of them need to be filled to produce anything). Surplus produced in any

job is supermodular in the job’s rank and the skill of the worker assigned to it. The

zero profit condition ensures that, in equilibrium, the measure of all jobs is equal to the

measure of workers. Because of positive and assortative matching, a worker with skill v

is assigned to a job of rank h = G(v) (where G(·) denotes the cdf of skill). Using my

notation, the wage paid to a worker with skill vS in the Costrell and Loury model is

wCL(v) = π(v,G(v)) +

∫ 1

0

∫ h

G(v)

∂

∂hi
πM

(
G−1(t), t

)
dt dh. (24)

In equilibrium, the more productive and profitable jobs cross-subsidize the less productive

jobs, leading to firm-wide profit of zero.103

101The only other paper I am aware of that allows for endogenous entry of firms in an assignment model
is Costrell and Loury (2004), which is a single-sector, one-dimensional model.

102Sattinger (1979) could easily be nested as well if we allowed the measure of potential firms to be
finite.

103Technically, Costrell and Loury (2004) allow only for multiplicative surplus functions, in the form
µ(v)β(h). There is no problem, however, with generalizing their framework to supermodular surplus
functions.
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The wage function in the extended model is a generalization of Equation (24). To see

this, denote the positive and assortative matching function in sector i by Pi(vi) = 1−Si(vi)
Ri

,

and its inverse by P−1
i . Then the profit of firm hi in sector i can be written as

ri(hi) =

∫ hi

hci

∂

∂hi
πi

(
P−1
i (h), h

)
dh+ ri(h

c
i), (25)

where hci = P (vci ) denotes the productivity of the least productive matched firm. The

profit earned by said firm is pinned down by the zero-expected-profits condition:

ri(h
c
i) +

∫ 1

Pi(vci )

∫ h

Pi(vci )

∂

∂hi
πM

(
P−1
M (t), t

)
dtdh = cM . (26)

The wage received by a worker of skill vi is wi(vi) = π(vi, Pi(vi))−ri(Pi(vi)). Substituting

Equations (25) and (26) into this expression yields

wi(vi) = π(vi, Pi(vi)) +

∫ 1

hci

∫ h

Pi(vi)

∂

∂hi
πi

(
P−1
i (t), t

)
dtdh− hciri(Pi(vi))− ci. (27)

This is similar to Equation (24) but the two wage functions differ if the skill and matching

functions are not identical, that is, if Ri 6= Si(0). In addition to this, in the Costrell and

Loury (2004) model all workers are employed and all tasks must be filled (by assumption)

but this is not necessarily the case here. However, the extended model nests a two-sector

version of the hierarchical job assignment model if the total measure of firms is necessarily

equal to 1 in equilibrium.

Assumption 4 (Costrell–Loury Specification). πi(1, 1) − πi(1, 0) ≤ ci for both i ∈
{M,S}, and πi(0, 0) > ci for some i ∈ {M,S}.

This ensures that the total measure of firms, RM +RS, is equal to 1 in equilibrium.104

Any specification of the extended model that meets Assumption 4 will be referred to as a

Costrell–Loury (CL) specification. In Sections 5.2 and 5.3, I will focus on Costrell–Loury

specifications, as they are much more tractable than the general model because of the

property that the measures of workers and firms are equal. Nevertheless, in formal re-

sults Assumption 4 will not be imposed globally; it will be invoked explicitly wherever

necessary.105 In any CL specification, a worker with skill vi matches a firm with produc-

tivity hi = Gi(vi), and her wage is wCL(vi). Further, every firm hires a worker, and all

104If RM + RS < 1, then r̄i ≥ πi(0, 0) > ci in one of the sectors, violating the zero-expected-profit
condition. Similarly, if RM + RS > 1, then ri(0) = 0 in at least one sector, implying that ci ≥∫ 1

0
∂
∂hi

πi

(
1, h
)

dh ≥ ri(1) ≥ r̄, and thus again violating the zero-expected-profit condition. Note, by the

way, that Assumption 4 can be weakened significantly. For example,
∫ 1

0

∫ h
0

∂
∂hi

πM

(
1, t
)

dtdh ≤ cM is

sufficient, as the LHS must be greater than r̄.
105That is, any result that does not invoke Assumption 4 holds generally.
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workers are employed. Therefore, the Costrell–Loury specification of my model can be

reinterpreted as a model in which firms are homogeneous within each sector but consist of

a hierarchy of heterogeneous jobs.106 I use this fact in Online Appendix OA.6 to develop

a dynamic, overlapping generations version of the extended model107

Trivially, the fact that the extended model nests a two-sector version of the Costrell–

Loury model implies that it can also reduce to its single-sector version. Firstly, suppose

that services are an empty sector, which is ensured if πS(1, 1) < cS. Then Assumption 4

implies that wages in manufacturing are given by wCL(vM) if calculated forGM(vM) = vM .

Alternatively, the extended model reduces to the Costrell–Loury model for any symmetric

Costrell–Loury specification.108 In any such specification, wages are also given by wCL
i (vi)

with Gi(vi) = C(vi, vi). This is equivalent to a Costrell–Loury model in which workers’

skill is v = max{vM , vS}.

Roy (1951) The extended model can reduce to Roy’s self-selection model in the same

two ways as the baseline model. Firstly, suppose that the surplus function does not

depend on a firm’s type ( ∂
∂h
πM(•) = ∂

∂h
πS(•) = 0). In such a case, firms can earn enough

profit to warrant entry only if (weakly) fewer firms enter the market in equilibrium than

there are workers (RM +RS ≤ 1). Then all firms in sector i earn exactly the same profit,

which—in equilibrium—is equal to the entry cost. It follows, then, that workers’ wages

are given exogenously and are equal to πi(vi)− ci.109

The second case is when entry into each sector is truly free, that is, ci → 0 for all

i ∈ {M,S}. Then the number of firms in each sector is unlimited (Ri → ∞), and the

equilibrium wage function becomes wi(vi) = πi(vi, 1) by the same logic as in Section 2.2.3.

5.1.2 Complements and Substitutes

I will now show that in the extended model, workers of very high and very low skill

levels are Hicks complements, that is, that the arrival of additional low-skilled workers

in a sector increases the wages of high-skilled workers in that sector and vice versa.

This complementarity will be of crucial importance for the comparative statics results

106 Note that the extended model can be reinterpreted in this way more generally. If we adopt this
interpretation, then the only difference between the extended model and a two-sector version of Costrell
and Loury (2004) lies in the facts that in my model (a) the hierarchical firms are allowed to leave
unprofitable jobs vacant and (b) the cost of entry can be positive.

107The fact that each sector consists of homogeneous, hierarchical firms means that the within-sector
assignment is problem solved within firms within-firm, and thus is de facto decided centrally. This allows
me to side-step the issue of how is the stable assignment reached in a decentralized dynamic process.

108 The definition of the symmetric case in the extended model differs from Definition 2 only in that
the condition RM = RS is replaced by cM = cS , which—provided all other symmetry conditions are
met—implies that RM = RS in equilibrium.

109In fact, if the cost of entry is high enough, that is, if ci ≥
∫ 1

0
πi(0, h)dh, then the same logic holds

even if surplus is not supermodular but does depend on firm’s type, that is, if πi(vi, hi) = µi(vi)+βi(hi),
where µ(·) and β(·) are strictly increasing. To see this, note that in such a case hci = 0 and ri(0) =

ci −
∫ 1

0
πi(0, h)dh, giving wi(vi) = πi(vi, 0) +

∫ 1

0
πi(0, h)dh− ci.
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presented in Sections 5.2 and 5.3, as it is in contrast to the baseline model, where (within

each sector) all workers were imperfect substitutes. Nevertheless, the complementarity

between workers of different skill levels should come as no surprise, as this is also the case

in Costrell and Loury (2004).

Lemma 5. Suppose that the supply of skill changes in services for a reason exogenous to

that sector (e.g., in response to a technological change in manufacturing). If there exists

some v′S ∈ [max vci , 1] such that wS(vS) changes strictly, then for j ∈ {1, 2} there exist

vjS ∈ [vcS(θj), 1] such that wS(v1
S) and wS(v2

S) strictly increases and decreases, respectively.

To see why this must be the case, first note that a fall in the wage paid to any worker

implies an increase in the profit of the firm that employed her originally.110 Therefore, a

fall in wages of all workers is inconsistent with the zero-expected-profits condition. Put

differently, as average profits remain unchanged, some firms must gain and some must

lose; however, as there is no change in the surplus function, firms’ gains must come from

some workers’ losses (and vice versa).

Lemma 5 tells us that workers with some skill levels must be complements but is

silent on which ones. To establish this, I follow the method introduced in Section III.B

of Costrell and Loury (2004). Without loss of generality, I will focus on the single-sector

version of my model (with RM = 0) and consider an addition of a measure ∆p of workers

with skill VS = p to the labor force in services.111 The notation is chosen so that ∆vS

represents the additional measure of workers with skill vS. I will examine the response

of the wage of workers with skill VS = r to an infinitesimal ∆p (i.e., ∂
∂∆p

wS(r) evaluated

at ∆p = 0).112 I will also restrict attention to the case of strictly supermodular surplus

functions.113

Proposition 11. Workers with similar skill levels are substitutes ( ∂
∂∆p

wS(p)) < 0),

whereas workers with sufficiently different skill levels are complements (if p = vcS and

r = 1, then ∂
∂∆p

wS(r)) = ∂
∂∆r

wS(p)) > 0 ).

To see why workers of very different skill levels must be complements, note that with

no change in the measure of firms, the addition of extra workers will increase average

profits. Therefore, the number of firms must increase in equilibrium. If the newcomers

are of low skill, this means that high-skilled workers are matched with more productive

110This follows from profit maximization: rS(PS(vS ; θ1); θ2) ≥ πS(vS , PS(vS ; θ1)) − wS(vS ; θ2) >
πS(vS , PS(vS ; θ1))− wS(vS ; θ1) = rS(PS(vS ; θ1); θ1).

111I focus on the single-sector version here to obtain simple expressions for the supply and matching
functions. However, all results hold for changes in the supply of skill in services that are exogenous to
that sector. To see this, note that we can always define a new variable uS such that the supply in services
at us is given by SS(uS) = 1− uS and then write surplus as a function of uS .

112I will suppress |∆p=0 from notation, so that ∂
∂∆p
|∆p=0wS(r) will be denoted simply by ∂

∂∆p
wS(r).

113Note that if ∂2

∂vS∂hS
πS(vS , hS) = 0 for all matches, then the wage of each worker is equal to the

surplus they produce and thus does not depend on the supply of skill.
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firms than previously, which increases their wages. The effect is symmetric, and thus

additional high-skilled workers increase wages of the least skilled workers. That workers

of very similar skill levels must be substitutes follows from the fact that Lemma 5 implies

that some workers must be substitutes and, of course, the closest substitute for a worker

with skill p is another worker with skill p.

Proposition 11 generalizes Proposition 2 in Costrell and Loury (2004). In particular,

if Assumption 4 holds, then taking the derivative of Equation (27) with respect to ∆p

gives, for p < r:

∂

∂∆p

wS(r) = −
∫ p

0

h2 ∂2

∂vS∂hS
πS(h, h) dh+

∫ r

p

h(1− h)
∂2

∂vS∂hS
πS(h, h) dh

−
∫ 1

r

(1− h)2 ∂2

∂vS∂hS
πS(h, h) dh =

∂

∂∆r

wS(p), (28)

which is the same as Equation (13) in Costrell and Loury (2004).114 This expression

makes it abundantly clear that workers of very similar skill levels must be substitutes,

as for p = r the middle term vanishes. For an excellent and detailed discussion of this

expression and the intuition behind the complementarity between workers of very different

skill levels, see Section III.B in Costrell and Loury (2004).115

The value added by my analysis is the insight that firms need not be homogeneous

(which is the assumption in Costrell and Loury (2004)) for workers of different level of

skill to become complements as long as the number of jobs in the economy is determined

endogenously. However, endogenous entry is not a sufficient condition for workers of

different skill levels to become complements. The sufficient condition, which is met in

this model, is that expected profits be constant; this is required both for the wage function

to be of the form derived in Equation (27) and for Lemma 5 to hold.116

114See Online Appendix OA.4 for details of the derivation.
115Note that Costrell and Loury (2004) restrict attention to multiplicative surplus functions of the form
π(v, h) = µ(v)β(h), where µ(·) and β(·) are strictly increasing functions. The more general surplus
function allowed here changes slightly their insights with respect to the factors determining the number
of workers whose wages decrease as a result of an arrival of additional low-skilled workers. With a
multiplicative surplus function, this depends mostly on the convexity of the surplus function with respect
to h. However, as we can see by inspection of Equation (28), what truly matters is the gradient of the
cross-partial of the surplus function with respect to h. It just so happens that with multiplicative surplus
this is captured by the convexity of surplus.

116Endogenous entry does not guarantee constant expected profits. For example, suppose that the
measure of potential firms is limited (but very large) and that those potential firms differ ex ante in
the cost of entry, according to some distribution. Then expected profits would need only to be greater
than the entry cost of the marginal firm, which in turn would depend on the number of firms in the
sector. In limiting cases, where some firms find it very cheap to enter but for others the cost of entry is
prohibitively expensive, this even more general model would reduce to the standard assignment model,
in which all skill levels are (imperfect) substitutes.
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5.2 Skill Interdependence and Wage Polarization

In this section, I revisit the link between relative skill interdependence and wage polar-

ization. I focus on Costrell–Loury specifications of the extended model, that is, I assume

that Assumption 4 holds, and I find that increases in interdependence have an impact on

the extended model which is qualitatively similar to their impact on the baseline model.

Analogously to Section 3, I will first discuss the composition and wage effects in general,

and then show that in the single-sector Costrell–Loury model the composition effect must

dominate and increase wage polarization in absolute terms.

Note that the expressions for the distribution of wages, the inverse distribution of

wages, and the decomposition into the wage and composition effects in the extended

model are exactly the same as in the baseline model.

The composition effect is unchanged compared to the baseline model. The baseline

and extended models differ only in how wages react to changes in the supply of skill.

However, as the composition effect keeps wages constant, it must be the same (start-

ing from the same wage function). Therefore, the composition effect of increased skill

interdependence increases wage polarization in both absolute and relative terms.

The wage effect is still equal to the sum of changes in wages in each sector, weighted

by the probability that a worker of given rank works in that sector. However, the change

in wages is going to be different, because high-skilled workers and low-skilled workers are

now complements.

In Costrell–Loury specifications, symmetry ensures that the wage effect increases wage

inequality in both absolute and relative terms (see below). It follows, therefore, that only

falls in the supply of skill that are biased toward one of the sectors could possibly create

a wage effect that increases wage polarization.

The overall effect is ambiguous. As in the baseline model, if the extended model is

symmetric, then the composition effect dominates the wage effect and increases wage

polarization.

5.2.1 The Symmetric Costrell–Loury Specification

I defined the symmetric Costrell–Loury specification in Section 5.1.1 and showed that

it is equivalent to the model of Costrell and Loury (2004), that is, the standard single-

sector assignment model in which high-skilled workers and low-skilled workers are com-

plements.117 All results derived in this section also hold for any decrease in skill supply

in the FOSD sense in the Costrell and Loury (2004) model.

In the symmetric case, the wage effect of an increase in skill concordance results in

117This is analogous to Section 3.4, which focuses on a specification equivalent to the Sattinger model,
that is, the standard assignment model with imperfect substitution of skill.
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a worse distribution of skill in each sector, because Gi(vi) = C(vi, vi). By Proposition

4 in Costrell and Loury (2004), this decreases the lowest wages and increases the high-

est wages. Additionally, it increases the difference in wages earned by workers of any

two skill levels. Therefore, the wage effect clearly increases wage inequality in both ab-

solute and relative terms, thus counteracting the increase in wage polarization caused

by the composition effect. Nevertheless, similarly to the baseline model, the overall ef-

fect of an increase in relative skill interdependence raises wage polarization in absolute

terms under fairly general conditions. However, to ensure that polarization increases

also in relative terms, a slightly stronger notion regularity is needed than the one de-

fined in Section 3.4. I will say that a change in interdependence is strongly regular if
d
dv

(
Cvi(v, v, θ2)− Cvi(v, v, θ1)

)
|v=0 > 0. This implies that C(v, v, θ2)− C(v, v, θ1) > 0 for

v close to 0.

Proposition 12 (Wage Polarization). Suppose that the model is symmetric, Assump-

tion 4 holds, the concordance of the relative skills distribution increases, and this increase

is regular. Then wage polarization increases in absolute terms. If, further, the change in

strongly regular and either (i) the lowest wage was sufficiently high originally or (ii) the

supermodularity of the surplus function is sufficiently weak, then polarization increases

in relative terms as well.

Note that in the Costrell–Loury model the difference between the wage received by a

workers at rank t and the lowest wage is exactly the same as in the baseline model with

RM = RS = 1
2
, that is,

W (t)−W (0) =

∫ G−1
i (t)

0

∂

∂vi
πi(s,Gi(s)) ds.

Therefore, the increase in wage polarization in absolute terms follows by exactly same

reasoning as in Section 3.

The case of wage polarization in relative terms is more complicated, as

logW (t)− logW (0) =

∫ G−1
i (t)

0

∂
∂vi
πi(G

−1
i (s), s)

g(G−1
i (s))W (s)

ds

and thus depends also on the level of wages. As noted above, a fall in skill supply decreases

wages for the least skilled workers. This contributes to an increase in wage inequality

in the left tail and counteracts the increase in polarization. However, it can be shown

that if the change in interdependence is strongly regular, then the limit of the change in
d
dt
W (t) =

∂
∂vi

πi(G
−1
i (t),t)

g(G−1
i (t))

is strictly positive at 0. Therefore, if the relative fall in wages is

small for t → 0, wage polarization has to increase in relative terms. This will happen

either if the fall in W (t) is small itself, or if wages were high originally. The former is

ensured by the lack of supermodularity, in which case the wage effect is very weak. The
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latter is ensured if, for example, πi(0, 0)− ci is sufficiently large. Further, note that if the

increase in interdependence is caused by a technological change that otherwise sufficiently

decreases wage inequality, for example if πi(•; θ2) = A+πi(•; θ1), then left-tail inequality

has to fall in relative terms, by the same reasoning as in footnote 63.

Finally, note that because the Costrell and Loury model is a single-sector model in

which workers are Hicks complements, it bears a certain qualitative resemblance to the

canonical model of the labor market (Acemoglu and Autor, 2011), with two skill types

and a CES production function. In fact, it is easy to see that in the canonical model a

fall in the supply of high-skilled workers leads to an increase in wage polarization if the

composition effect of such a change is taken into account.118

5.3 Changes to Reduced Surplus Functions

In this section I investigate the effects of changes to manufacturing’s reduced surplus

function. I again focus on Costrell–Loury specifications but the main result (Proposi-

tion 13) holds in general. I find that with endogenous entry, sorting depends not only

on the vertical differentiation of workers but also on the vertical differentiation of firms.

Perverse output effects are still possible: If manufacturing firms become less vertically

differentiated, then manufacturing might contract even if surplus increases universally.

Finally, I discuss the effect that changes in manufacturing’s surplus have on wages in

services.

As in Section 4, in the comparative statics results I will consider only specifications

that result in non-degenerate equilibria, that is, those with Ri(cj) > 0 for i ∈ {M,S} and

j ∈ {1, 2}.

Definition 9 (Firms’ Vertical Differentiation). Firms in manufacturing become (strictly)

more vertically differentiated if, for any vM ∈ [0, 1] and any 0 ≤ h′M < h′′M ≤ 1

πM(vM , h
′′
M ; θ2)− πM(vM , h

′
M ; θ2)(>) ≥ πM(vM , h

′′
M ; θ1)− πM(vM , h

′
M ; θ1).

This is an exact analogue of an increase in workers’ vertical differentiation (see Defi-

nition 6 in Section 4). To guarantee that the supply of skill increases in manufacturing,

apart from an increase in workers’ differentiation and a universal increase in surplus lev-

els, we also need an increase in differentiation in manufacturing firms. To see this, let us

consider what could happen otherwise. Keeping sorting constant, a fall in differentiation

might reduce firms’ profits, thus decreasing entry into manufacturing. This decreases

the demand for skill in manufacturing—and, as a result, could lower the supply of skill

118A fall in the supply of high-skilled workers increases wages of the remaining high-skilled workers,
decreases wages of low-skilled workers and strictly decreases left-tail inequality. To see the last point,
note that there will exist a quantile t that was occupied by a high-skill worker before the change but is
occupied by a low-skill worker afterwards.
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in equilibrium.119 To rule out this possibility, firms’ differentiation needs to increase

(weakly).

Proposition 13. If both workers and firms in manufacturing become more vertically

differentiated and the surplus produced in manufacturing increases universally, then the

measure of firms and supply of relative skill increase in manufacturing and fall in services.

As explained in Section 4, for a given measure of firms, an increase in workers’ dif-

ferentiation together with a universal increase in surplus attracts additional high-skilled

workers to manufacturing. Combined with an increase in firms’ differentiation, this in-

creases profits in manufacturing, induces more firms to enter, and thus further increases

demand for manufacturing skill. This results in an increase in equilibrium supply of skill

in manufacturing.

Note that many plausible changes to the surplus function meet those three condi-

tions. This includes multiplicative changes to surplus, which arise very naturally in

many applications—for example as a consequence of price increases—and have been

widely studied in the literature (e.g., Tervio, 2008; Dupuy, 2015). Further, two of the

examples discussed in Section 4.1 also satisfy all three conditions: the increase in the

quality of training in manufacturing that favors high-skilled workers (Section 4.1.2), the

improvement in the quality of firms that favors high-skilled firms (Section 4.1.3), and the

investment in infrastructure (Section 4.1.4).120

If firms’ differentiation does not increase (weakly), not only is it possible that manu-

facturing will attract fewer skilled workers, but also that sector will produce less surplus

overall, in both gross and net terms. This is best illustrated through an example.

5.3.1 Example: Perverse Output Effects

In this section, I consider a very stylized example, to demonstrate that if the conditions

of Proposition 13 are not met, manufacturing’s output can contract even if the surplus

produced by all matches increases.

Suppose that workers’ skill x is bivariate and binomial, with xj ∈ {0, 1} for j ∈ {1, 2}.
The joint distribution of skill is symmetric: One-quarter of workers have skill (1, 0),

another quarter have skill (0, 1) and the other have skill (0, 0). Firms’ productivity is also

binomial: zi ∈ {0, 1}, and the fraction of sector i firms with productivity zi = 1 is equal

to pi. I assume that highly productive firms are more common in manufacturing, with

pM > pS = 1
4
. The surplus function in manufacturing is simply ΠM(x1, zM) = 1

2
x1zM + 3

2
,

119Of course, the increase in workers’ differentiation pushes in the opposite direction, as explained in
Section 4. Nevertheless, the impact of lower differentiation of firms can easily be the dominant force.

120For details on why all three conditions are satisfied in the first example, see Section 4.1.2. In short,
because of supermodularity, any increase in skill or productivity levels on one side of the market increases
differentiation on the other side.
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and in services it is ΠS(x2, zS) = 1
2
x2zS + 3

2
. Thus x1 is used only in manufacturing, and

x2 is used only in services. Finally, the costs of entry are cM = cS = 1.

In this example, a measure of RM = 1
4pM

firms enter manufacturing in equilibrium.121

If there were more, then—because all high-skilled workers are already matched with high-

productivity firms—it would always be strictly better to remove one.122 If there were

fewer, then an additional high-productivity firm in manufacturing would match with

a high-skilled worker, and thus creation of more manufacturing firms would always be

worth it.123 Because it’s always optimal to match high-skilled manufacturing workers with

high-productivity manufacturing firms, it follows that the gross total surplus produced

in manufacturing is

Ti =
1

2
+

3

2

1− pM
4pM

,

whereas the net total surplus is Vi = 1
4

+ 1
2

1−pM
4pM

.

This implies that any increase in the fraction of highly productive firms in manufac-

turing decreases both the gross and net total surplus in that sector. To see this, consider

the case where all manufacturing firms become highly productive and identical (pM = 1).

Then Ti shrinks to 1
2

and Vi to 1
4
. Thus manufacturing contracts in both net and gross

terms, despite the fact that surplus increased for all matches. The increase in the share

of productive firms to pM = 1 could be the outcome, for example, of the most suc-

cessful business models and technologies becoming common knowledge as manufacturing

matures.

To understand the mechanism, consider the problem from the social planner’s per-

spective. Because the surplus produced by low-skilled workers depends neither on their

sector nor on the productivity of their firm, the social planner’s only goal is to max-

imize the number of matches of high-productivity firms with high-skilled workers. As

high-productivity firms are more common in manufacturing, it is more efficient to first

produce such matches in that sector; thus all high-skilled manufacturing workers always

find a match in equilibrium. However, the social planner wants to exactly match the num-

ber of high-productivity firms with the number of high-skilled workers in manufacturing,

as any excess in either direction is a waste of resources. Thus, as highly productive

firms become more common in manufacturing, fewer need to be created. However, as

even matches involving low-skilled workers more than cover entry costs, a fall in entry

121Note that the measure of firms in services will be 1− 1
4pM

, as this example satisfies Assumption 4.
122The marginal firm could either produce more surplus in services (if RM + RS ≤ 1) or produce no

surplus at all (otherwise). In the former case, it follows that RSpS < 0.25 and there are some high-
skilled services workers not matched with high-productivity firms. Hence an additional firm produces
2pS + (1− pS) 3

2 = 3
2 + (2− 3

2 )pS in services and only 3
2 in manufacturing. In the latter, a marginal firm

is unmatched, produces nothing, and doesn’t cover the entry cost.
123Either from the pool of potential firms (if RM + RS < 1) or from services (otherwise). The former

case is trivial, as any matched firm produces enough surplus to cover the entry cost. In the latter case,
an additional firm would produce 3

2 + (2− 3
2 )pM in manufacturing and just 3

2 + (2− 3
2 )pM in services.
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decreases the total surplus, not just in gross terms but also net of entry costs. It is worth

noting that while a contraction in gross terms would be possible even in a single-sector

model, contraction in net terms requires the existence of a second sector.124

Of course, this example is special: The assumption that there are no workers who are

highly skilled in both sectors is particularly strong. More realistically, an improvement in

firms’ productivity distribution should also attract some additional high-skilled workers

to manufacturing, for the same reasons as in Section 4. However, this second effect can

easily be dominated by the one described above. This can happen even if the two skills

are positively interdependent (i.e., even if there are more workers who have high skill in

both dimensions than workers with high skill in manufacturing only).

5.3.2 Wages in Services

In this section, I will discuss the impact that changes to manufacturing’s surplus have

on wages in services. In Section 4.1, I showed that in the baseline model, jobs’ scarcity

ensures that any increase in workers’ vertical differentiation must increase wage inequality

in services. This is no longer true with endogenous entry, especially if the increase in

workers’ differentiation is accompanied by a (weak) increase in surplus levels and firms’

differentiation. Such a change will have two distinct effects on wages in services. The

first is the baseline effect, which captures the change in wages caused by an increase

in workers’ differentiation when firms’ entry is kept constant. In the baseline model,

this is the only effect present. In the extended model, however, there is also the entry

effect, which captures how wages are affected by changes to firm entry that are induced

by an increase in differentiation—an expansion in manufacturing and a contraction of

services—but keeps the differentiation itself constant.

Formally, Assumption 4 makes it possible to decompose the overall change in wage

inequality by considering an intermediate specification of the model, denoted by θ3. In

this specification, the surplus function in manufacturing is shifted upwards by a constant

compared to the original specification, πM(•, θ3) = πM(•, θ1)+A, in such a way that entry

is the same as in the final specification, Ri(θ3) = Ri(θ2).125 To ensure comparability with

the results in Section 4.1, I focus on the wage range as the measure of inequality, defined

as wRi = wi(1)− wi(vci ). We can write

wRS (θ2)− wRS (θ1) = wRS (θ2)− wRS (θ3)︸ ︷︷ ︸
baseline effect

+wRS (θ3)− wRS (θ1)︸ ︷︷ ︸
entry effect

.

124With a single sector, the only reason to stop producing matches with low-skilled workers is if they do
not cover the entry cost, but then this increases net surplus in that sector. With two sectors, however,
the opportunity cost of creating a manufacturing match is the creation of a services match.

125The size of A which is required for this to occur can easily be determined. Consider a baseline model
with Ri = Ri(θ2) and πi(•) = πi(•; θ1). Assumption 4 implies that there exists a range of wM (vcM ) such
that r̄M > cM and r̄S > cS but r̄M 6= r̄S in general. Hence A needs to be set so that A = r̄S − r̄M .
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The baseline effect increases the wage range in services, just as in the baseline model.

Effectively, if we consider just the baseline effect, workers of different skill levels still

act as (imperfect) substitutes, and thus changes in (absolute) wage inequality in services

depend only on changes to the supply of skill in that sector. Because the supply of skill

falls in services, wage inequality increases in that sector unambiguously.

The entry effect is different. An expansion in manufacturing’s size still causes a fall in

the supply of skill in services but this does not necessarily increase wage inequality. The

reason is that because of the change in entry, high-skilled workers and low-skilled workers

are no longer substitutes; they are complements (see Section 5.1.2). Thus the change in

wage inequality depends on whether the fall in skill supply in services is primarily caused

by an exodus of high- or low-skilled workers. In general, the sign of the entry effect is

ambiguous and depends on a number of factors, such as the shape of the surplus function,

skill interdependence, and the features of the original equilibrium. Most importantly,

however, it depends on the expansion’s size. In particular, it is definitely possible that in

the case of a small expansion the entry effect would increase wage inequality in services.

It can be shown, however, that if the changes in entry are large enough, then the entry

effect must reduce wage inequality in services.

Proposition 14. Suppose Assumption 4 holds for both specifications, that both workers

and firms in manufacturing become more vertically differentiated, and that surplus levels

increase universally in manufacturing. The entry effect of such a change has a negative

impact on wage inequality in services (wRS (θ3) − wRS (θ1) < 0) as long as the contraction

in the number of firms in services is sufficiently large (RS(θ2)
RS(θ1)

is small enough).

Self-selection implies that workers who are skilled only in manufacturing have already

joined that sector. Therefore, any expansion of manufacturing must be fueled primarily

by workers who are either skilled in both sectors or skilled in neither. If the expansion is

small, it is not clear which of those two groups constitutes a higher proportion of leavers

from services. If the expansion is sufficiently large, however, it must be the case that

only workers who are high-skilled in services but low-skilled in manufacturing remain in

services. Because of skill complementarity, this increases wages of low-skilled services

workers and decreases wages of high-skilled services workers, thus decreasing inequality.

Thus if the change in entry of firms is large enough, the entry effect must be negative.

Note that the change in entry levels might be large either because the increase in vertical

differentiation is very large (so that even if the surplus produced by the least skilled

workers does not change, other workers produce much more than before) or because the

increase in differentiation is accompanied by a large increase in either surplus levels or

firms’ differentiation. In either case, the overall effect of, say, a multiplicative increase

in manufacturing’s surplus on wage inequality in services is ambiguous, as the positive

baseline effect is counteracted by the (likely) negative entry effect.
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Finally, note that Proposition 14 suggests a general link between sector sizes and

within-sector wage inequality. In particular, if workers’ differentiation is kept constant,

a large reduction in entry into services decreases inequality in this sector. The flip side

of this result is that a rapid expansion of services that starts at low levels must result in

an increase in wage inequality in that sector. This is consistent with what happened in

the second half of the 20th century.126

6 Related Literature

This paper builds on the work of Becker (1973), Sattinger (1979), and Costrell and Loury

(2004) on one side, and Roy (1951) on the other, and combines their approaches to

matching and self-selection, respectively. My model nests one-sector assignment models

and two-sector comparative advantage models within a single framework. The sectors

in Roy (1951) can be interpreted as Sattinger-like matching markets with homogeneous

and abundant firms, implying that companies have no market power and workers earn

the entire surplus. In Roy’s model, therefore, sorting depends only on surplus levels but

not on vertical differentiation. The introduction of firm heterogeneity gives firms some

market power and is the reason why the vertical differentiation of workers matters for skill

supply. Compared to Becker (1973), Sattinger (1979), and Costrell and Loury (2004), the

addition of another sector allows the study of interactions between two matching markets

as well as the determinants of sectoral skill supply.

There are a number of papers that provide comparative statics results for standard,

one-sector differential rents models (e.g., Costrell and Loury, 2004; Gabaix and Landier,

2008; Tervio, 2008).127 These results capture only the direct effect of exogenous changes,

as the within-sector distribution of skill is fixed. As noted in Costrell and Loury (2004),

this is a serious limitation—one that is addressed directly in this paper. In particular,

I show that if entry is exogenous, then the two types of shocks which are of particular

importance in this literature (i.e., multiplicative surplus shocks and first-order stochastic

dominance improvements in the distribution of firms’ productivity) result in a greater

supply of skill in the affected sector, increasing, as they do, both the levels of surplus and

workers’ vertical differentiation (Section 4.2).128 This undoes at least part of their positive

direct effect on wage levels and inequality. In fact, with scarce jobs and exogenous entry,

wages will certainly fall for the least skilled workers in the industry in which the change

took place.

As both the self-selection model and the differential rents model are assignment models

126See, for example, Figures 1 and 2 in Gould (2002).
127See Sattinger (1993) for an overview of the different types of assignment models.
128If entry is endogenous, then the above still holds for multiplicative shocks but not necessarily for

improvements in the distribution of firms’ productivity, as sorting then depends also on firms’ vertical
differentiation (Section 5.3).
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(Sattinger, 1993), this paper is also related to the wider literature on optimal assignment

(Shapley and Shubik, 1971; Gretsky et al., 1992). In particular, in Section 5 I extend the

basic result from this literature—that the core of an assignment game is efficient—to a

setting where the measure of agents on one side of the market is endogenous. The liter-

ature on general assignment games is sparse on comparative statics results, whereas the

recent, more specialized models of multivariate matching are focused on marriage markets

(Anderson, 2003; Chiappori, Oreffice, and Quintana-Domeque, 2011, 2012).129 A notable

exception to this rule is a recent paper by Lindenlaub (2017) which investigates multivari-

ate matching in labor markets. Lindenlaub defines positive and assortative matching in a

general setting with bivariate skills and skill demands, and provides sufficient conditions

for its existence. However, the model is solved—and comparative statics are provided—

for only the very special Gaussian-quadratic case.130 The comparative statics results

focus on technological change, modeled as a multiplicative surplus shock, and only the

knife-edge case of no unmatched firms and workers is considered. My paper studies the

determinants of skill supply more generally, including changes to the distribution of skills,

and all my results hold for general surplus and distribution functions.131

There exists a small but quickly growing literature on multi-sector matching. The

models in McCann, Shi, Siow, and Wolthoff (2015) and Grossman, Helpman, and Kircher

(2013), however, differ substantially from the one presented here, in that they both

focus on one-to-many rather than one-to-one matching. McCann et al. (2015) have a

complicated model, with three markets and schooling. This comes at the cost of using

specific functional forms and not providing comparative statics results. In another vein,

Grossman et al. (2013) focus on the impact of trade liberalization, rather than changes

in skill and productivity distributions. Their skills are one dimensional, and they restrict

attention to cases where re-sorting happens at the extensive margin only. The model in

Dupuy (2015) is quite similar to the baseline model presented here (albeit less general),

as it is a differential-rent matching model with two-dimensional skills.132 Dupuy (2015)

proves the existence (but not uniqueness) of an equilibrium and then proceeds to study

129To the best of my knowledge, the only papers that deal with general assignment games and provide
comparative statics results are Kelso and Crawford (1982) and Mo (1988), both of which focus on the
impact of the entry of new agents.

130The quadratic surplus function coupled with normal skill distribution implies a surplus function
that is not monotonic in workers’ skills, so that workers with extremely high and extremely low skills
produce the same surplus and earn the same wages. Adding non-interaction skill terms does not resolve
this problem in a satisfactory manner, as evidenced by the fact that the surplus function estimated in
Lindenlaub (2017) (Table 10) is non-monotonic in manual skill.

131On the other hand, my model assumes that firms are divided into two sectors and that within
each sector firms agree on the ranking of workers. The Gaussian-quadratic specification of Lindenlaub’s
setting could be reinterpreted as a model where firms are divided into a continuum of such sectors, and
is thus more general in that dimension.

132Generally, the type of model considered in Dupuy differs from mine, as firms are one dimensional
and the size of any sector can never be exogenously fixed. However, as Dupuy further assumes that the
masses of workers and firms are equal, his specification is equivalent to the special case of my model for
which the measure of firms is equal to 1 in each sector.
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the impact of multiplicative shocks on self-selection and inequality. However, unlike

this paper, Dupuy (2015) does not show the equilibrium effect of such shocks, providing

only a first-order result.133 Mak and Siow (2017) also propose a similar model, with

the difference that workers self-select into different sides of the market, rather than into

separate sectors. They then calibrate the model to Brazilian data to explain changes in

within- and across-firm wage inequality but they provide no comparative statics results.

My model extends Roy (1951) in a different direction than the strand of “Roy-like”

assignment models (Sattinger, 1975; Teulings, 1995, 2005), in which comparative advan-

tage drives the assignment of workers to a continuum of tasks/sectors. However, because

skills are one dimensional, firms are homogeneous within sectors, and surplus is log-

supermodular, all firms in a given sector employ workers of the same, single type. For

that reason, these models are ill-suited to study the determinants of the within-sector

wage and skill distributions, which is the focus of Section 4 of this paper. They have,

however, been widely and successfully applied to modeling of the impact of task-biased

technological change on wage polarization (Costinot and Vogel, 2010; Acemoglu and Au-

tor, 2011; Cortes, 2016). In Section 3, I argue that wage polarization can increase even

if technological change is unbiased, as long as it causes sectors to use skill sets that are

more similar. This effect could also be achieved in ‘’Roy-like” assignment models, through

changes to the supply of skill but the existing literature either ignores such changes or,

in the case of Costinot and Vogel (2010), ignores the fact that they have a composition

effect. Furthermore, as has been argued forcefully by Boehm (2015) and Lindenlaub

(2017), multi-dimensional models such as the one I employ are generally better suited

to the study of changes in wage distributions.134 That is because, empirically, changes

in wage distributions usually involve workers switching ranks in the wage distribution,

which is harder to achieve in one-dimensional models.135

Section 3 of my paper is closely related to the theoretical part of Gould (2002), which

shows that in the Heckman and Sedlacek (1985) model of self-selection an increase in the

133The equilibrium adjustment process can be thought of as a following chain of events: the shock
changes wages, which impacts sorting, which impacts wages, which impacts sorting etc. until a new
equilibrium is reached. The results in Dupuy (2015) consider only the first change in sorting, not the
subsequent ones. Proposition 7 in this paper does derive the full equilibrium effect for the type of shock
considered by Dupuy.

134Boehm (2015) uses a three-sector Heckman and Sedlacek (1985) model to study wage polarization
and explicitly assumes that skill content of sectors is unchanged, so the mechanism in his model is
evidently different than mine. The relationship between the mechanism proposed here and that in Lin-
denlaub (2017) is more complex: My conjecture is that the change she considers would, if translated into
the language employed here, both increase the interdependence of relative skills and increase vertical dif-
ferentiation in cognitive-intensive “sectors”, and thus combines all the effects discussed here. Lindenlaub
links her results, however, to task-biased technological change only.

135In the models of Costinot and Vogel (2010) and Acemoglu and Autor (2011) in particular, workers’
rank in the distribution of wages need not correspond to their rank in the distribution of skill, as
productivity is not assumed to increase in skill. Thus rank switching is possible. Nevertheless, both
papers focus exclusively on the changes to returns to skill, and thus ignore the impact of rank-switching
on the distribution of wages.
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correlation of sector-specific skills is likely to increase wage inequality. The (important)

differences are that Gould (a) does not link this to changes in skill supply (in single-

sector models or otherwise) and (b) does not study its impact on the polarization of the

wage distribution. Further, the statistical literature on order statistics is concerned with

related issues. For example, Owen and Steck (1962) study how do the first four moments

of the max of a multivariate normally distributed random vector change as correlation

increases, and find that the mean must fall and the change in variance is ambiguous.

My paper extends their results in a number of ways. Firstly, I provide an economic

interpretation for results of this type. Secondly, I show that the results wrt mean hold

much more generally than just for multivariate normal variables. Thirdly, I consider the

impact on the entire distribution of the max, rather than just the moments. And finally,

this entire literature is concerned only with the composition effect, whereas I consider

also the wage effect

7 Conclusions

This article developed a new model of workers’ self-selection, which allows for imperfect

substitution and complementarity of skills within sectors. This was accomplished by

merging a standard model of self-selection (across sectors) in the vein of Roy (1951) with

an assignment model (within sectors) in the vein of Becker (1973), Sattinger (1979) and

Costrell and Loury (2004). The within-sector assignment was found to create imperfect

substitution/complementarity of skills but also to cause wage functions in each sector

to depend on the entire distribution of skill in that sector. Despite this difficulty, I was

able to derive a series of sharp monotone comparative statics results without making

functional form assumptions.

Firstly, I studied what happens if sectors start requiring different sets of skills than

previously. This changes the interdependence between the sector-specific skill indices

(relative skills). In particular, if sectors start using skill sets that are more similar, then

the interdependence of relative skills increases. As a result, the overall supply of skill

declines: There are fewer workers available that have a high relative skill in at least one

sector. The composition effect of such a decline in the supply of skill increases wage

polarization unambiguously, while its wage effect is ambiguous. I show, however, that (in

contrast to the mechanism underpinning the task-biased technological change explanation

for increased wage inequality) if the fall in supply of skill affects wages in both sectors

symmetrically, then the composition effect dominates under mild conditions and wage

polarization increases.

Secondly, I have shown that if the level of surplus produced by manufacturing increases

for all matches and both manufacturing workers and firms become more vertically differ-

entiated, then the supply of skills is guaranteed to increase in manufacturing. If firms’
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entry is exogenous and jobs are scarce, this increases wage inequality in both sectors.

However, if the improvement in surplus levels decreases vertical differentiation of either

manufacturing workers or firms, then the supply of skill might fall in that sector. As a

result, manufacturing might contract.

The model developed in this paper can contribute to a variety of areas in economics.

For example, in another paper (Burzyński and Gola, 2017), we embedded the extended

model into a Krugman (1979) trade model, to study migration decisions and the distri-

butional impact of migration on wages. As workers are complements in the model, we are

able to shed light on who gains and who loses from migration. Calibrating the model to

US and Mexican wage data, we find that although migration increases the average wage

in the US, a significant proportion of (predominantly low-skilled) US residents earns lower

wages than in a counterfactual in which there is no migration.

A Demand: Formal Definition and Shifts

The definition of sectoral demand for relative skill (Section 2) holds for a given hiring

function and under the assumption that profit is strictly increasing. However, if, for

example, surplus does not depend on firm productivity, then (a) firms will be indifferent

between many different workers and there will exist many different hiring functions and

(b) all firms will make the same profits. Here, I amend the definition of sectoral demand

to allow for such possibilities. Accordingly, the economy will be in equilibrium if there

exists at least one demand function consistent with firms maximization problem for which

the market clears.

Definition 10. A mapping v∗i : [0, 1] → [0, 1] ∪ {−1} is a hiring function in sector i

for wage function wi, if (a) for v∗(h) ∈ [0, 1], v∗i (h) ∈ arg maxvi πi(vi, h) − wi(vi) and

πi(v
∗
i (h), h)−wi(v∗i ) ≥ 0 and (b) for v∗i (h) = −1, πi(vi, h)−wi(vi) ≤ 0 for all vi ∈ [0, 1] .

Given a talent level vi and an input function v∗i , define the set B(vM , v
∗
i ) = {h ∈

[0, 1], v∗i (h) ≥ vM}.

Definition 11. A mapping Di : [0, 1]→ [0, R] is a sector i demand function for relative

skill given wage function wi, if there exists a hiring function such that RM

∫
B(vi,v∗i )

1dvi =

Di(vi), for all vi ∈ [0, 1].

For any matching problem, I will denote as DC(θ) the set of all possible cumulative

demand functions and as DC(vM , θ) the set of their values for talent vM .

Definition 12. Demand for skill shifts up if—given the old equilibrium wage function

wM(·; θ1) and for all vM ∈ [0, 1]—for any h′′ ∈ DC(vM ; θ2) and h′ ∈ DC(vM ; θ2) we have

that max{h′′, h′} ∈ DC(vM ; θ2) and min{h′′, h′} ∈ DC(vM ; θ1).
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Proposition 15. If both manufacturing workers become more vertically differentiated

and surplus levels increase universally in manufacturing, the demand for relative skill

shifts up in manufacturing. If jobs are scarce, an increase in workers’ vertical differenti-

ation alone suffices for an upward shift of skill demand.

Proof. The partial order ([0, 1],≥) is clearly a lattice and the function πi(v, h) − wi(v)

is supermodular in v (for any h). Thus, as an increase in vertical differentiation im-

plies that πi(v, h) − wi(v) has increasing differences in c it follows from the results in

Topkis (1978) and Milgrom and Shannon (1994) that the set V ∗(ci) = {v ∈ [0, 1] : v ∈
arg max πi(v, h, (c)−wi(v)} increases in the strong set order sense with a change from θ1

to θ2. This proves the second statement, as v∗i (h) ∈ [0, 1] for all firms in that case. As

for the first claim, note that the increase in surplus levels means that each firm’s profit

increases for the old choice of inputs, and hence, by profit maximization, also for the new

choice. Thus, no firms leave the market and the result follows.

B Equilibrium Characterization

Proof of Proposition 1

This proof will refer to the formal definition of a sectoral demand function introduced in

Appendix A rather than the simplified definition from Section 2.1.2. First, I propose the

following hiring function v∗ : [0, 1]→ [vci , 1] ∪ {−1}, where

v∗(h) =

−1 for h ∈ [0, 1− Si(0)
Ri

)

max{v ∈ [0, 1] : S(v) = Ri(1− h)} otherwise.

Clearly, the set B(v, v∗) = {h ∈ [0, 1] : h ≥ 1− Si(v)
Ri
} for this v∗. Thus, the corresponding

demand schedule is simply Di(v, v
∗) = Ri

∫ 1

1−Si(v)
Ri

1dt = Si(v), as required. In other

words, hiring function v∗ ensures that demand equals supply.

Secondly, I show that the hiring function is consistent with firms’ maximization prob-

lem for the wage functions proposed. Consider any firm with h ∈ [1− Si(0)
Ri

, 1]; for v∗ to

be consistent with that firm’s profit maximization it must be the case that

∀
v∈[0,1]

πM(v∗M(h), h)− πM(v, h) ≥ wM(v∗M(h))− wM(v).

This is met as long as ∫ v∗(h)

v

∫ h

1−Si(s)
Ri

∂2

∂v∂h
πi(s, t)dt.

Note that h = 1 − Si(v
∗(h))
Ri

and that 1 − Si(v)
Ri

is an increasing function of v. Thus, if

v∗(h) > v then 1− Si(s)
Ri
≤ h for all s ∈ [v, v∗(h)]. Similarly, if v∗(h) ≤ v then 1− Si(s)

Ri
≥ h
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s ∈ [v, v∗(h)]. This and the supermodularity of reduced surplus ensure that the above

condition is always met.

Note that the set [0, 1− Si(0)
Ri

) is non-empty only if Si(0) < Ri. If that’s the case, for

any firm with h ∈ [0, 1− Si(0)
Ri

) it must be the case that

∀
v∈[0,1]

πM(v, h)− wM(v) ≤ 0,

which for v ∈ [0, vci ) gives:

πi(v, h)− πi(v, 1−
Si(0)

Ri

) ≤ wi(v
c
i )− πi(vci , 1−

Si(0)

Ri

) ≥ 0.

The LHS is greatest for h ≈ 1− Si(0)
Ri

, in which case the LHS is arbitrarily close to 0. Thus,

this condition is ensured to be met if and only if wi(v
c
i ) = πi(v

c
i , 1 −

Si(0)
Ri

), as required.

For v ∈ [vci , 1] we need

πi(v, h)− πi(v, 1−
Si(0)

Ri

) + πi(v, 1−
Si(0)

Ri

)− wi(v) ≤ 0. (29)

Note that πi(v, 1− Si(0)
Ri

)−wi(v) is the profit firm 1− Si(0)
Ri

would make from hiring worker

v. This is weakly smaller than 1− Si(0)
Ri

makes by hiring v∗(1− Si(0)
Ri

) = vci , which is equal

to 0, because wi(v
c
i ) = πi(v

c
i , 1 −

Si(0)
Ri

). Thus, the LHS of Equation (29) is negative, as

required.

Given a supply function Si sector i of my model is trivially a special case of the

assignment model specified in Chiappori, McCann, and Nesheim (2010). Label the firms

as buyers and the workers as sellers. Then this model meets the conditions of the semi-

convex buyer setting from Chiappori et al. (2010).136 Hence, their Proposition 3 holds.

This implies that in any equilibrium the marginal profits are equal to ∂
∂h
rM(h) almost

everywhere for h ∈ [1− Si(0)
Ri

, 1], where rM(h) = πM(v∗(h), h)− wM(v∗(h)). This in turn

implies that the wage function for any stable matching is of the proposed form.137

Proof of Lemma 1

Denote sup{vM ∈ [0, 1] : wM(vM) ≤ max{wS(0), 0} or vM = 0} as v′M .

I will first show that either wM(vcM) = max{wS(0), 0} or vcM ∈ {0, 1}. First, suppose

that wM(vcM) < max{wS(0), 0}. This is possible only if vcM = 1. Otherwise, as wM is

continuous for vM ≥ vcM , there must exist some ε > 0 such that wM(vM) < max{wS(0), 0}
136Surplus function is twice differentiable, [0, 1] and [vcM , 1] are smooth manifolds and standard uniform

distribution puts zero mass on any h ∈ [0, 1]. See Definition 4 in Chiappori et al. (2010) and its discussion.
137If for any vi ∈ [0, vci ] we had wi(vi) < wi(v

c
i ) + πi

(
vi, 1− Si(0)

Ri

)
− πi

(
vci , 1−

Si(0)
Ri

)
, then this worker

would be demanded by firm h = 1 − Si(0)
Ri

. If this was the case for a set of points of positive Lebesgue
measure, then Di(0) 6= Si(0).
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for all workers with vM ∈ [vcM , v
c
M + ε]. Suppose that vcS > 0, then wS(0) ≤ 0.138 In

such a case, all workers with vM ∈ [vcM , v
c
M + ε] prefer to remain unemployed than join

manufacturing and SM(vcM) = SM(v′M), which contradicts the definition of vcM . Similarly,

if vcS = 0, then all workers in vM ∈ [vcM , v
c
M +ε] prefer to join services than manufacturing,

as wS is strictly increasing for vS ≥ vcS, also contradicting the definition of vcM .

Suppose that wM(vcM) > max{wS(0), 0}. Firstly, consider vcS > 0. In such a case,

all (but possibly a zero measure of) workers with (vM , vS) ∈ [0, vcM ] × [0, vcS] would join

manufacturing. As C has full support, if vcM > 0 then a strictly positive measure of

workers lives in this rectangle, which contradicts the definition of vcM . Secondly, vcS could

be equal to 0. By continuity of the reduced surplus function, there exists some v′′M < vcM ,

such that

wM(vcM) + πM

(
v′′M , 1−

SM(0)

RM

)
− πM

(
vcM , 1−

SM(0)

Ri

)
> wS(0).

Further, wS is continuous for all vS ≥ vcS: thus, there must exist some v′′S > 0, such that

wS(vS) < wM(vcM) + πM

(
v′′M , 1−

SM(0)

RM

)
− πM

(
vcM , 1−

SM(0)

Ri

)
≤ wM(v′′M)

for all vS ∈ [0, v′′S]. Thus, all workers with (vM , vS) ∈ (v′′M , v
c
M) × [0, v′′S] would join

manufacturing, which contradicts the definition of vcM . The proof for vcS is analogous.

It follows that vcM = v′M . First, suppose that v′M < vcM then by the definition of

v′M follows that wM(vM) > max{wS(0), 0}; contradiction. Now suppose that v′M > vcM ,

which is possible only if vcM < 1. This implies that there exists some vM ∈ (vcM , v
′
M) such

that wM(vM) ≤ max{wS(0), 0}. By Proposition1 wM is strictly increasing for vM ≥ vcM
and hence wM(vcM) < max{wS(0), 0} which was shown to be impossible.

Finally, let me prove the last statement. First, I will consider the case of vcM , v
c
S ∈

(0, 1). This implies that (a) some workers are unemployed (because workers with (vM , vS) <

(vcM , v
c
S) cannot join either sector by definition of critical skills and (b) that wM(vcM) =

max{wS(0), 0} and wS(vcS) = max{wM(0), 0}. Suppose wS(0) > 0; then by Proposition 1

there exists an ε3 > 0, such that all workers with (vM , vS) ∈ (vcM − ε3, vcM)× (0, vcS) prefer

to join one of the sectors than to remain unemployed, which contradicts the definition of

either vcS or vcM ; thus wM(vcM) = 0. An analogous reasoning holds for wS(vcS).

Now suppose that vcM = 0. It follows immediately that wS(vcS) 6= wM(vcM) only

if wS(vcS) > wM(vcM). By Proposition 1 there must then exist an ε4 > 0 such that

wM(vM) < wS(vS) for all (vM , vS) ∈ [0, ε4]×[vcS−ε4, vcS], so that all workers with such skill

vectors prefer to work in services over manufacturing, which contradicts the definitions

of vcM and vcS.

138Otherwise, there exists some ε1 > 0 such that for all (vS , vM ) ∈ (0, ε1) × (vcM , v
c
M + ε), wS(vS) >

max{wM (vM ), 0)}, which contradicts the definition of vcS .
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Proof of Lemma 2

I start with manufacturing. The probability that a worker with relative skill vM ≥ vcM
chooses services is Pr(ψ(VS) < vM |VM = vM). Note that because ψ is weakly increasing,

it follows that if ψ(v′S) < vM then ψ(v′′S) < vM for any v′S ≥ v′′S ≥ vCS . Thus:

Pr(ψ(VS) < vM |VM = vM) =
∂

∂vM
C(vM , φ(vM)) for vM ≥ vcM ,

where φ(vM) = sup{vS ∈ [vcS, 1] : ψ(vS) < vM}. Because SM(1) = 0, this gives us

the required expression for S(vM) if vM ≥ vcM . And, of course, for any vM < vcM ,

SM(vM) = SM(0) by the definition of critical relative skill.

The proof for SS(·) is analogous.

Proof of Theorem 1

Define the extended separating function ψe : [vcS, 1]→ [vcM , 1 +B] as

ψe(vS) = vcM +

∫ vS

vcS

∂
∂vS

πeS

(
t, 1−

∫ 1
t

∂
∂vS

Ce(ψ(r),r)dr

RS

)
∂

∂vM
πeM

(
ψ(t), 1−

∫ 1
t

∂
∂vM

Ce(r,φ(r))dr

RM

)dt, (30)

where he extended functions Ce(•), πeM(•) and πeS(•) are defined as follows (1) Ce :

[0, 1 +B]× [0, 1]→ [0, 1]

Ce(vM , vS) =

C(vM , vS) for (vM , vS) ∈ [0, 1]× [0, 1]

vS for (vM , vS) ∈ (1, 1 +B]× [0, 1],

(2): πeM(vM , h) : [0, 1 +B]× [0, 1+RM
RM

]→ R+

πeM(vM , h) =



πM(vM , h) for (vM , h) ∈ [0, 1]2

πM(1, h) + (vM − 1) ∂
∂vM

πM(1, h) for (vM , h) ∈ (1, B]× [0, 1],

πM(vM , 1) for (vM , h) ∈ [0, 1]× (1, 1+RM
RM

],

πM(1, 1) + (vM − 1) ∂
∂vM

πM(1, 1) for (vM , h) ∈ (1, B]× (1, 1+RM
RM

],

(3): πeS(vS, h) : [0, 1]× [0, 1 + 1
RS

]→ R+

πeS(vS, h) =

πS(vS, h) for (vM , h) ∈ [0, 1]2

πS(vS, 1) for (vM , h) ∈ [0, 1]× (1, 1 + 1
RS

],
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and B =
max ∂

∂vS
πS

min ∂
∂vM

πM
. Note that Ce(·, vS), ∂

∂vS
Ce(·, vS), ∂

∂vM
πeM(·, ·) and ∂

∂vS
πeS(vS, ·) are

Lipschitz continuous139; denote their Lipschitz-constants as L1, L2 ,L3, L4 and L5 respec-

tively.

Clearly, given vcM and vcS the separating function ψ uniquely determines the extended

separation function ψe. Similarly, it should be clear that

ψ(vS) =

ψe(vS) if ψe(vS) ≤ 1,

1 otherwise.

The result for ψe(vS) ≤ 1 follows from noting that ψe is strictly increasing and then

substituting Equation (9) into Equation (14), differentiating wrt vS, dividing both sides

by ∂
∂vM

πM

(
ψ(vS), 1

RM

∫ ψ(vS)

vcM

∂
∂vM

C(r, ψ−1(r))dt
)

and then integrating from vcS to vS (and

remembering that ψ(vcS) = vcM).140 The other part follows from the fact that for vS’s

such that wS(vS) ≤ wM(1) we have ψ(vS) = 1 and ψe(vS) > 1 (because ψe is strictly

increasing).

Thus, it is sufficient to prove that ψe, vcM , v
c
S exist and are unique. Let me make a few

observations that will prove useful.

Relation Between Supply Functions By differentiating C(ψ(r), r) rearranging and

integrating from vcS to vS, we arrive at

SM(0)− SM(ψ(vS)) + SS(0)− SS(vS) = C(ψ(vS), vS)− C(vcM , v
c
S). (31)

Determining the Critical Skills As the critical skills vcM , v
c
S are also unknown, we

need to find conditions that will pin them down. Let me start by denoting the measure of

employed workers as M = SM(0)+SS(0). Clearly, M = min{RM +RS, 1} in equilibrium:

otherwise we have Si(0) < Ri in some sector i, implying that a positive measure of

139 I will do this in detail for ∂
∂vS

Ce(vM , vS)—the reasoning for the other two is analogous.
∂
∂vS

Ce(vM , vS) : [0, 1 +B]× [0, 1]→ [0, 1]:

∂

∂vS
Ce(vM , vS) =

{
∂
∂vS

C(vM , vS) for (vM , vS) ∈ [0, 1]× [0, 1]

1 for (vM , vS) ∈ (1, 1 +B]× [0, 1],

is clearly continuous in u. It is equally easy to see that the function ∂
∂vS

Ce(·, vS) is differentiable
almost everywhere and its derivative is Lebesque integrable. It is also the case that for any (vM , vS) ∈
(1, 1 +B]× [0, 1] we have:

∂

∂vS
Ce(a, vS) +

∫ 1

a

Ceuv(r, vS)dr +

∫ vM

1

0dr = 1,

which means that ∂
∂vS

Ce(·, vS) is absolutely continuous. Moreover, as Ce(•) is twice continuously differ-

entiable and any continuous function defined on a compact set is bounded it follows that ∂
∂vS

Ce(·, vS)
is essentially bounded; and a differentiable almost everywhere, absolutely continuous function with an
essentially bounded derivative is Lipschitz-continuous.

140This gives us Equation (30), but with ψ rather than ψe on the right hand side.
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workers with relative skill below (vcM , v
c
S) would strictly prefer to join sector i than remain

unemployed. By Equation (31) this gives 1 −M = Ce(vcM , v
c
S), determining one of the

critical skills as a function of the other. Furthermore, note that Assumption 3 implies that

vcM , v
c
S < 1 and thus SM(0), SS(0) > 0.141 Therefore, from Proposition 1 and Lemma 1 it

follows that if SM(0) < RM then:

πM(vcM , 1−
SM(0)

RM

) = wM(vcM) = wS(vcS) ≤ πS(vcS, 1−
M − SM(0)

RS

),

and analogously for services. This determines the other critical skill if RM + RS > 1.

Finally, recall that market clearing implies that Si(0) ≤ Ri, implying that if RM +RS ≤ 1

we have SM(0) = RM and SS(0) = RS.

The Set of Equations and Inequalities By substituting Si(vi) = Si(0)− Si(vi) and

Equation (31) into Equation (30) we arrive at

ψe(vS) = vcM +

∫ vS

vcS

∂
∂vS

πeS

(
t,
RS−SS(0)+

∫ t
vc
S

∂
∂vS

Ce(ψ(r),r)dr

RS

)
∂

∂vM
πeM

(
ψe(t),

RM−1+SS(0)+Ce(ψe(t),t)−
∫ t
vc
S

∂
∂vS

Ce(ψe(r),r)dr

RM

)dt. (32)

This, together with

M = min{RM +RS, 1} (33)

1−M = Ce(vcM , v
c
S), (34)

SS(0) =

∫ 1

vcS

∂

∂vS
Ce(ψ(r), r)dr, (35)

SS(0) ∈ Θ(M) = [max{0,M −RM},min{1, RS}] (36)

SM(0) < RM ⇒ πeM(vcM , 1−
SM(0)

RM

) ≤ πeS(vcS, 1−
M − SM(0)

RS

), (37)

SS(0) < RS ⇒ πeS(vcS, 1−
M − SM(0)

RS

) ≤ πeM(vcM , 1−
SM(0)

RM

). (38)

constitutes the set of Equations and Inequalities that determines ψe, vcM , v
c
S.

The remainder of the proof shows that there exists a unique solution to Equations (32)-

(38). Define the set

K = {d ∈ C[0, 1] : d(vS) ∈ [0, 1 +B]},

where C[0, 1] is the set of all continuous functions that map from [0, 1]. The constant

function d(vS) = 1 lies in K and hence the set is non-empty. Define a (Bielecki) norm,

141If Ri < 1 this follows immediately from 1−M = Ce(vcM , v
c
S). Otherwise, suppose that vcM = 1; then

SM (0) = 0 < RM and wM (1) = πM (1, 1) > πS(0, 1− 1
RS

) ≥ wS(0). But then, by continuity of πM and
Proposition 1 follows that there must exist some ε > 0 such that all workers with (vM , vS) ∈ [0, ε]×[1−ε, 1]
would prefer to join manufacturing, contradicting vcM = 1.
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|| · ||λ on C[0, 1]:

||h||λ = sup[0,1]e
−λvS |h(vS)|,

where λ is some weakly positive number. K is a complete metric space for the metric

implied by this norm.142

Endow the sets [0, 1]2 and Θ(M) with the Euclidean norm and define a mapping

T : K × [0, 1]2 ×Θ(M)→ K

(T d)(vS, v
c
S, v

c
M , SS(0)) = vcM

+


0 for vS < vcS∫ vS
vcS

∂
∂vS

πeS(t,
RS−SS(0)+

∫ t
vc
S

∂
∂vS

Ce(d(r),r)

RS
dr)

∂
∂vM

πeM (d(t),
RM−1+SS(0)+Ce(d(t),t)−

∫ t
vc
S

∂
∂vS

Ce(d(r),r)dr

RM
dr)

dt for vS ≥ vcS.

Note that this map is well-defined, as for any vcS ∈ [0, 1] and d ∈ K:

RS − SS(0) +
∫ t
vcS

∂
∂vS

Ce(d(r), r)

RS

dr ≤ 1 +

∫ t

vcS

1

RS

dr ≤ 1

RS

+ 1

RM − 1 + SS(0) + C(d(t), t)−
∫ t
vcS

∂
∂vS

Ce(d(r), r)dr

RM

≤ RM + C(d(t), t)

RM

≤ 1

RM

+ 1;

and that it is continuous in v, vcS, vcM and SS(0). Clearly, (T d)(vS, v
c
S, v

c
M , SS(0)) ≥ vcM ≥

0. Further, for vS ≥ vcS:

(T d)(vS, v
c
S, v

c
M , SS(0)) ≤

∫ vS

vcS

Bdt+ vcM ≤ 1 +B,

and for vS < vcS:

(T d)(vS, v
c
S, v

c
M , SS(0)) ≤ vcM − 1 ≤ 1 +B,

so indeed T (K) ⊂ K. Finally, it should be clear that for any (vcS, v
c
M , SS(0)) the re-

striction of any fixed point of (T d)(•) to [vcS, 1] gives us the solution to (32) and that

any solution to (32) can be easily extended into a fixed point of (T d)(•). Therefore, it

suffices to show that there exists such a λ that for any (vcS, v
c
M , SS(0)) ∈ [0, 1]2 × Θ(M),

T d(•) is a contraction wrt to the norm || · ||λ to show that (32) has a unique solution for

any feasible (vcM , v
c
S, SS(0)).

Let us drop (vcS, v
c
M , SS(0)) from the definition of the map (remembering that we are

keeping them constant) and enhance our notation by new maps: SS : [vcS, 1] × K →
142If we endowed K with the sup-norm, then K would be a closed subset of C[0, 1]; since C[0, 1] is

complete in the sup-norm, so is K. It was shown by Bielecki (1956) that the || · ||λ norm is equivalent
to the sup-norm for any C[a, b]. As K is a closed subset of C[a, b] under the metric implied by Bielecki
norm, it is also complete and thus K endowed with the Bielecki metric is a complete metric space for
|| · ||λ.
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[0, 1], PS : [vcS, 1]×K → [0, 1 + 1
RS

] and PM : [0, B]×K → [0, 1 + 1
RM

]

(SSd)(vS) = SS(0)−
∫ vS

vcS

∂

∂vS
Ce(d(r), r)dr,

(PSd)(vS) =
RS − (SSd)(vS)

RS

,

(PMd)(d(vS)) =
RM − 1 + Ce(d(vS), vS) + (SSd)(vS)

RM

.

Take any t ≥ vcS and any d1, d2 ∈ S and for any map (fd)(t) denote (fd1)(t)− (fd2)(t)

as ∆d(fd)(t). Then we have:

|∆d(SS(0)d)(t)| = |
∫ t

vc
Ce
v(d1(r), r)− Ce

v(d2(r), r)dr| (39)

≤
∫ t

vc
|Ce

v(d1(r), r)− Ce
v(d2(r), r)|dr ≤

∫ t

vc
L2|d1(r)− d2(r)|dr|

= L2

∫ t

vc
eλre−λr|d1(r)− d2(r)|dr ≤ L2||d1 − d2||λ

∫ t

vc
eλrdr

=
L2

λ
||d1 − d2||λ(eλt − eλv

c

) ≤ L2

λ
||d1 − d2||λeλt,

which can be used to establish

|∆d(PSd)(t)| ≤ L2

λRS

||d1 − d2||λeλt (40)

|(PMd1)(d1(t))− (PMd2)(d2(t))| = |C
e(d1(v), v)− Ce(d2(v), v)−∆d(SS(0)d)(v)

RM

| (41)

≤ 1

RM

(|Ce(d1(v), v)− Ce(d2(v), v)|+ |∆d(SS(0)d)(v)|)

≤ L2

λM
||d1 − d2||λeλt +

L1

RM

|d1(t)− d2(t)|.

Denote L6 = sup ∂
∂vS

πS(vS, h), L7 = inf ∂
∂vM

πM(vM , h) and note that continuity of ∂
∂vM

πM

and ∂
∂vS

πS and the fact that ∂
∂vM

πM > 0 imply that both L6 and L7 are finite. Using all

this, we can write, for any vS ≥ vcS and any d1, d2 ∈ S:

|∆d(T d)(v)| = |
∫ v

vc

∂
∂vS

πeS(t, (PSd1)(t))
∂

∂vM
πeM(d1(r), (PMd1)(d1(t)))

−
∂
∂vS

πeS(t, (PSd2)(t))
∂

∂vM
πeM(d2(r), (PMd2)(d2(t)))

dt|

≤
∫ v

vc
|

∂
∂vS

πeS(t, (PSd1)(t))
∂

∂vM
πeM(d1(r), (PMd1)(d1(t)))

−
∂
∂vS

πeS(t, (PSd2)(v, ))
∂

∂vM
πeM(d1(r), (PMd1)(d1(t)))

+
∂
∂vS

πeS(t, (PSd2)(t))
∂

∂vM
πeM(d1(r), (PMd1)(d1(t)))

−
∂
∂vS

πeS(t, (PSd2)(t))
∂

∂vM
πeM(d2(r), (PMd2)(d2(t)))

|dt

≤
∫ v

vc

| ∂
∂vS

πeS(t, (PSd1)(t))− ∂
∂vS

πeS(t, (PSd2)(t))|
L7

66



+L6(|
∂

∂vM
πeM(d1(r), (PMd1)(d1(t)))− ∂

∂vM
πeM(d2(r), (PMd2)(d2(t)))

∂
∂vM

πeM(d1(r), (PMd1)(d2(t))) ∂
∂vM

πeM(d2(r), (PMd2)(d2(t)))
|dt

≤
∫ v

vc

L5

L7

|∆d(PSd)(t)|

+
L6

L2
7

[| ∂
∂vM

πeM(d1(r), (PMd1)(d1(t)))− ∂

∂vM
πeM(d2(t), (PMd1)(d1(t))|]

+
L6

L2
7

[| ∂
∂vM

πeM(d2(t), (PMd1)(d1(t))− ∂

∂vM
πeM(d2(r), (PMd2)(d2(t)))|]dt

≤
∫ v

vc

L5L2

λL7RS

||d1 − d2||λeλ(t−vc) +
L3L6

L2
7

|d1(t)− d2(t)|

+
L4L6

L2
7

|(PMd1)(d1(t))− PMd2)(d2(t))|dt

≤ L5L2

λ2L7RS

||d1 − d2||λeλv +
L3L6

λL2
7

||d1 − d2||λeλv

+

∫ v

vc

L4L6

L2
7

(
L2

λM
||d1 − d2||λeλ(t−vc) +

L1

RM

|d1(t)− d2(t)|)dt

≤ 1

λ
||d1 − d2||λeλv

[ L5L2

λL7RS

+
L3L6

L2
7

+
L4L6

L2
7

( L2

λM
+

L1

RM

)]
Now, for vS < vcS this has to hold as well, as then |(T d1)(vS)−T (d2)(vS)| = 0; therefore,

for any vS ∈ [0, 1] we have that

|∆d(T d)(vS)| ≤ 1

λ
||d1 − d2||λeλvS

[ L5L2

λL7RS

+
L3L6

L2
7

+
L4L6

L2
7

( L2

λM
+

L1

RM

)]
.

Dividing both sides of that by eλvS and then taking sup on both sides we get

||(T d1)(t)−T (d2)(t)||λ ≤
1

λ
||d1 − d2||λ

[ L5L2

λL7RS

+
L3L6

L2
7

+
L4L6

L2
7

( L2

λM
+

L1

RM

)]
. (42)

Therefore, there has to exist a high enough λ for which our map (T d)(vS) is a contraction

in the metric space (S, || · ||λ)—which, by Banach’s Fixed-Point Theorem means that

(T d)(vS) has a unique fixed point, which in turn means that Equation (32) has a single

solution for any given (vcS, v
c
M , SS(0)) ∈ [0, 1]2 × Θ(M). Note that Equation (42) does

not depend on (vcS, v
c
M , SS(0))—and thus, by standard results (see e.g. Hasselblatt and

Katok, 2003, p. 68) it follows that as (T d)(vS, v
c
S, v

c
M , SS(0)) is continuous in vcS, vcM and

SS(0) the fixed point—and thus the solution of (32)— is continuous in them as well.

Denote the fixed point of (T d)(·, vcS, vcM , SS(0)) as d∗(·, vcS, vcM , SS(0))—then the fol-

lowing result holds

Lemma 6. The function d∗(·, vcS, vcM , SS(0)) is weakly decreasing in vcS and SS(0) and

weakly increasing in vcM for all vS’s. Moreover, for some vS’s, d∗(·, vcS, vcM , SS(0)) is strictly

decreasing in vcS and SS(0) (strictly increasing in vcM).

Proof. I start with the claims regarding d(vS, ·, vcM , SS(0)) and suppress vcM and SS(0)
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from notation for that part of the proof. Take any vcS2 > vcS1 ∈ [0, 1], denote d∗(vS, v
c
S2)−

d∗(vS, v
c
S1) as ∆vcS

d∗(vS, v
c
S) and for vS ≥ vcS define

SS(vS, v
c
S) = SS(0)−

∫ vS

vcS

∂

∂vS
C(d∗(r, vcS), r)dr,

PS(vS, v
c
S) =

RS − SS(vS, v
c
S)

RS

,

PM(d∗(vS, v
c
S), vcS) =

RM − 1 + C(d∗(vS, v
c
S), r) + SS(vS, v

c
S)

RM

.

Then for any vS ≥ vcS2 we have

∆vcd
∗(v, vc) = vcS2 − vcS1

+

∫ v

vcS

∂
∂vS

πeS(t, PS(t, vcS2))
∂

∂vM
πeM(d∗(t, vcS2), PM(d∗(t, vcS2), vcS2))

−
∂
∂vS

πeS(t, PS(t, vcS1))
∂

∂vM
πeM(d∗(t, vcS1), PM(d∗(t, vcS1), vcS1))

dt.

It is trivial that for any vS ∈ [vcS1, v
c
S2) we have ∆vcS

d∗(vS, v
c
S) < 0, which proves the second

(strict) part of this claim. Thus, we only need to show now that ∆vcS
d∗(vS, v

c
S) ≤ 0 for

all vS ∈ [vcS2, 1]. Suppose not. Then the set Ωgen = {vS ∈ [vcS2, 1] : ∆vcS
d∗(vS, v

c
S) > 0}

has to be non-empty. Then we have that for vS
g = inf Ωgen, ∆vcS

d∗(vS
g, vcS) = 0 and

∆vcS
∂
∂vS

d∗(vS
g, vcS) ≥ 0. The sign of ∆vcS

∂
∂vS

d∗(vS
g, vcS) depends only on the signs of

∂

∂vS
πeS(vS

g, PS(vcS2, vS
g))− ∂

∂vS
πeS(vS

g, PS(vcS1, vS
g))

and

∂

∂vM
πeM(d∗(vS

g, vcS1), PM(d∗(vS
g, vcS1), vcS1))− ∂

∂vM
πeM(d∗(vS

g, vcS2), PM(d∗(vS
g, vcS2), vcS2)).

This can be easily seen by differentiation the expression that gives ∆vcd
∗(v, vc).143 How-

ever, as ∆vcS
d∗(vS

g, vcS) = 0 and both surplus functions are weakly supermodular, these in

turn depend only on the sign of SS(vcS2, vS
g)−SS(vcS1, vS

g). As for any vS ≤ vS
g it was the

case that ∆vcS
d∗(vS

g, vcS) ≤ 0 and vcS2 > vcS1, it follows that: SS(vcS2, vS
g)−SS(vcS1, vS

g) < 0

and thus:

∆vcS

∂

∂vS
d∗(vS, v

c
S) < 0,

143To see this, note that

∆vc
∂

∂vS
d∗(vgS , v

c
S) =

∂
∂vS

πeS(vgS , PS(vgS , v
c
S2))

∂
∂vM

πeM (d∗(vgS , v
c
S2), PM (d∗(vgS , v

c
S1), vcS1))

−
∂
∂vS

πeS(vgS , PS(vgS , v
c
S1))

∂
∂vM

πeM (d∗(vgS , v
c
S1), PM (d∗(vgS , v

c
S1), vcS1))

=
∂
∂vS

πeS(vgS , PS(vgS , v
c
S2))− ∂

∂vS
πeS(vgS , PS(vgS , v

c
S1))

∂
∂vM

πeM (d∗(vgS , v
c
S2), PM (d∗(vgS , v

c
S1), vcS1))

+
∂

∂vS
πeS(vgS , PS(vgS , v

c
S1))

∂
∂vM

πeM (d∗(vgS , v
c
S1), PM (d∗(vgS , v

c
S1), vcS1))− ∂

∂vM
πeM (d∗(vgS , v

c
S2), PM (d∗(vgS , v

c
S1), vcS1))

∂
∂vM

πeM (d∗(vgS , v
c
S1), PM (d∗(vgS , v

c
S1), vcS1)) ∂

∂vM
πeM (d∗(vgS , v

c
S2), PM (d∗(vgS , v

c
S1), vcS1))

.
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which means that Ωgen has to be empty and proves our first claim.

The proof for SS(0) is analogous.144 For vcM , note that for a change in vcM , ∆vcM
d∗(vcS, v

c
M)

is positive. The subsequent reasoning is analogous, but with opposite signs (the strict

decreasingness follows from ∆vcM
d∗(vcS, v

c
M) < 0 and continuity).

Everything I derived so far applies both for cases with abundant and scarce jobs.

From now on, however, I will consider those cases separately.

Scarce jobs If RM + RS < 1, then M = RM + RS, which reduces (38) to SS(0) = RS

and gives C(vcM , v
c
S) = 1 − RM − RS > 0. For (vM , vS) > 0, C(•) is strictly increasing

in both parameters, which allows us to define vcM as a strictly decreasing, continuous

function of vcS. Define vS as vcM(vS) = 1 and note that, as vcM ∈ [0, 1], Equation (34)

shrinks the range of feasible vcS’s to [vS, 1]. Hence, d∗(vS, v
c
S, v

c
M , SS(0)) depends only on

vS and vcS and is decreasing and continuous in vcS—I will denote it as d∗(vS, v
c
S) from now

on. Thus, the modified system of equations reduces to

RS =

∫ 1

vcS

∂

∂vS
Ce(d∗(r, vcS), r)dr.

The RHS is continuous in vcS, as d∗(vS, v
c
S)) is continuous in vcS. For vcS = vS, we have

d∗(vS, v
c
S) ≥ 1 regardless of vS and therefore

∫ 1

0
∂
∂vS

Ce(d∗(r, vcS), r)dr = 1, whereas for

vcS = 1,
∫ 1

1
∂
∂vS

Ce(d∗(r, vcS), r)dr = 0; thus, a solution to (35) (given RS ∈ (0, 1) ) exists.

It is unique, as d∗(vS, ·) is weakly decreasing for all vS and strictly decreasing for some

vS and thus the RHS crosses RS only once from above.

Abundant jobs If RM + RS ≥ 1, then M = 1 and thus C(vcM , v
c
S) = 0. Hence,

min{vcM , vcS} = 0 and I cannot define vcM as a function of vcS, as there is a continuum

of vcS’s for which C(0, vcS) = 0. I address this by defining the set Γc = {(vcM , vcS) :

min{vcM , vcS} = 0}, a new variable a ∈ [−1, 1] and writing vcM and vcS as

vcM(a) =

−a for a ≤ 0,

0 for a > 0,
vcS(a) =

0 for a ≤ 0,

a for a > 0.

For any a, (vcM(a), vcS(a)) ∈ Γc and for any (vcM , v
c
S) ∈ Γc there exists a unique a, such

that (vcM(a), vcS(a)) = (vcM , v
c
S). Thus, if there exists a unique a that solves Equa-

tion (35), there also exists a unique (vcM , v
c
S) that solves it. Moreover, vcS(a) is con-

tinuous and increasing, and vcM(a) is continuous and decreasing. Therefore the function

d∗(vS, a, SS(0)) = d∗(vS, v
c
S(a), vcM(a), SS(0)) is continuous and decreasing (strictly for

144For vS = vcS we have ∆SS(0)d
∗(vS , SS(0)) = 0 and ∆SS(0)

∂
∂vS

d∗(vS , SS(0)) < 0. The sign of

∆SS(0)
∂
∂vS

d∗(vS
g, SS(0)) depends on SS1(0) − SS2(0) < 0 and the difference in SS(vS , SS(0)), which

is weakly negative for the same reasons as above. Thus, ∆SS(0)
∂
∂vS

d∗(vS
e, SS(0)) ≤ 0, which implies

that d∗(vS , ·) will never strictly increase.
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some vS’s) in a. Thus, I can write Equation (35) as

SS(0) =


∫ 1

0
∂
∂vS

Ce(d∗(r, a, SS(0)), r)dr for a < 0,∫ 1

a
∂
∂vS

Ce(d∗(r, a, SS(0)), r)dr for a ≥ 0.

The RHS is continuous in a, as d∗(vS, a, SS(0)) is continuous in a. For a = −1, we have∫ 1

0
∂
∂vS

Ce(d∗(r, a, SS(0)), r)dr = 1; for a = 1, we have
∫ 1

a
∂
∂vS

Ce(d∗(r, a, SS(0)), r)dr = 0;

thus, a solution to (35) (given SS(0) ∈ Θ(1) ) exists. It is unique, as d∗(vS, ·, SS(0)) is

weakly decreasing for all and strictly decreasing for some vS and thus the RHS crosses

SS(0) only once from above.

As d∗(vS, ·, ·) is continuous, a(SS(0)) is continuous as well. It is strictly decreasing

in SS(0), as the LHS is strictly increasing in SS(0) and the RHS is weakly decreasing in

SS(0) and strictly decreasing in a; thus, if SS(0) increases, Equation (35) is met only if

a decreases. As a(SS(0)) is unique and a defines uniquely (vcM , v
c
S), there exist unique

vcM(SS(0)) and vcS(SS(0)); the former is non-decreasing and the latter non-increasing;

and for any SS2(0) > SS1(0) we have that vcM(SS2(0)) > vcM(SS1(0)) or vcS(SS2(0)) <

vcS(SS1(0)).

The modified set reduces to

SS(0) > 1−RM ⇒ πM

(
uc(SS(0)),

RM − 1 + SS(0)

RM

)
≤ πS

(
vc(SS(0)),

RS − SS(0)

RS

)
(43)

SS(0) < RS ⇒ πM

(
uc(SS(0)),

RM − 1 + SS(0)

RM

)
≥ πS

(
vc(SS(0)),

RS − SS(0)

RS

)
(44)

SS(0) ∈ Θ(1). (45)

Note that vcM(0) = 0, vcS(0) = 1, vcM(1) = 1 and vcS(1) = 0. Condition (43)—(44) will be

trivially met if there exists some SS(0) ∈ Θ(1) such that

πM

(
vcM(SS(0)),

RM − 1 + SS(0)

RM

)
= πS

(
vcS(SS(0)),

RS − SS(0)

RS

)
.

If there is no such SS(0), then it has to be the case that either (a) LHS > RHS for

all SS(0) ∈ Θ(1) or (b) RHS > LHS for all SS(0) ∈ Θ(1). However, (a) is possible

only if max{0, 1 − RM} = 1 − RM , as LHS > RHS for SS(0) = 0 violates condition

(d). And for SS(0) = 1 − RM , LHS > RHS meets (43)—(44), as the first inequality

doesn’t have to hold. For similar reasons, (b) is possible only if min{1, RS} = RS, in

which case RHS > LHS meets (43)—(44). Thus, existence of a solution to (43)—(44)

follows. Hence, there exists a solution to the modified and original sets.

For uniqueness, remember that d∗(vS, a(SS(0)), SS(0)) is unique and, thus, it suffices

to show that the solution to (43)—(44) is unique. Denote the set of all SS(0) ∈ Θ(1)

that meet (43)—(44) as ΩM . Consider min ΩM = SS1(0). Note that SS1(0) exists as ΩM
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is non-empty and πM(·, ·), πS(·, ·), vcS(·) and vcM(·) are continuous. Suppose SS1(0) =

min{1, RS}—then the solution is unique. Now suppose that SS1(0) < min{1, RS}, which

implies that for any SS2(0) ∈ ΩM such that SS2(0) > SS1(0) we need to have

πM

(
vcM(SS2(0)),

RM − 1 + SS2(0)

RM

)
≤ πS

(
vcS(SS2(0)),

RS − SS2(0)

RS

)
and for SS1(0) we have:

πM

(
vcM(SS1(0)),

RM − 1 + SS1(0)

RM

)
≥ πS

(
vcS(SS1(0)),

RS − SS1(0)

RS

)
.

This is a contradiction, as ∂
∂vM

πM > 0, ∂
∂h
πM ≥ 0, ∂

∂vS
πS > 0, ∂

∂h
πS ≥ 0, vcM(·) is

weakly increasing, vcS(·) is weakly decreasing and vcM(SS2(0)) > vcM(SS1(0))∨vcS(SS2(0)) <

vcS(SS1(0)). Thus SS2(0) does not exist and SS1(0) is the only element in ΩM , which

completes the proof.

Proof of Lemma 3

First note that if SM(0) + SS(0) < 1 then vcM , v
∈
S (0, 1), and the reasoning from the proof

of Lemma 1 implies then that wi(v
c
i ) = 0. As Si(0) ≤ Ri this proves the last statement

immediately. The first claim follows by Proposition 1, because Si(0) < Ri implies that

both wi(v
c
i ) > 0 and SM(0)+SS(0) < 1—contradiction. Finally, Gi(vi) = 1− Si(vi)

Ri
follows

from Si(0) = Ri and the definitions of the distribution of relative skills in sector i and

the supply of relative skills in sector i.

C Comparative Statics

To simplify what follows, I first introduce new notation. The difference between the new

and old values of any object O is denoted as ∆θO. The greater of the old and new values

of O is denoted as maxO. Thus, for instance, the measure of manufacturing workers

is denoted by ∆θSM(0) and the greater critical skill in services is denoted by max vcS.

Additionally, I define the star skill in services as

v̄S = sup{vS ∈ [0, 1] : ψ(vS) < 1}.

This definition implies that all workers with vS > v̄S join services. The manufactur-

ing analogue can be defined as v̄M = ψ(v̄S). Finally, the positive assortative matching

function is defined as Pi(vi) = 1− Si(vi)
Ri

.
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C.1 Wage Polarization

Proof of Proposition 2

I start with the ’only if’ part. Suppose that there exists some (v′M , v
′
S) such that

C(v′M , v
′
S, θ1) > C(v′M , v

′
S, θ2). Then there exists a quadruple (πM , πS, RM , RS) that

meets Assumptions 1 and 3 for which maxS∈S(θ2) T (S) > maxS∈S(θ1) T (S). Consider

RM = RS = 1 and following surplus functions: πM(vM) = 0 if vM ≤ v′M and πM(vM) = 1

otherwise, whereas πS(vS) = 0.5 if vS ≤ v′S and πS(vS) = 1.5 otherwise. Then the effi-

cient assignment of workers to sectors is such that any worker with vM > v′M and vS < v′S
works in manufacturing and all other workers work in services. The measure of workers

in manufacturing is, thus, v′S −C(v′M , v
′
S) and the maximal total surplus produced in the

economy is 1.5(1−v′S)+0.5C(v′M , v
′
S)+1(v′S−C(v′M , v

′
S)) giving 1.5−0.5v′S−0.5C(v′M , v

′
S)

which is then lower for C(v′M , v
′
S, θ1) than C(v′M , v

′
S, θ2), as required.

The proof of the ’only if’ part is not complete yet, as these surplus functions do

not meet the differentiability assumption. However, they can be approximated by the

following pair of surplus functions that meet Assumptions 1 and 3: πM(vM , hM) =
1

1+exp(−2k(vM−v′M ))
and πS(vS, hS) = 1

1+exp(−2k(vS−v′S))
+ 0.5. As k → ∞ these two func-

tions approach the functions outlined above pointwise. It has been shown by Gretsky

et al. (1992) that the equilibrium of an assignment game is efficient and it follows from

the proof of Theorem 3 that the equilibrium is continuous in any parameters in which

the surplus functions are continuous. Thus, it follows by the definition of a limit and by

Assumption 2 that for any difference in copulas C(v′M , v
′
S, θ1) − C(v′M , v

′
S, θ2) > 0 there

exists k large enough that maxS∈S(θ2) T (S) > maxS∈S(θ1) T (S).

As for the ’if’ part it suffices to show that an increase in concordance implies that

S(θ2) ⊂ S(θ1). Define a function PPF (S; θj) = SS(vS) + SM(ψ(vS))− 1 +C(ψ(vS), vM).

It follows that S ∈ S(θj) if and only if PPF (S; θj) ≤ 0. I will now show that if

PPF (S; θ2) ≤ 0 then PPF (S; θ1) ≤ 0 as well, which will prove that the set of feasi-

ble pairs of supply functions expands as concordance falls.

PPF (S; θ1)− PPF (S; θ2) = C(ψ(vS; θ1), vS; θ1)− C(ψ(vS; θ1), vS; θ2)

+

∫ ψ(v,θ1)

ψ(v,θ2)

∂

∂vM
C
(
r, vS, θ2)

)
− ∂

∂vM
C
(
r, φ(r, θ2), θ2

)
dr.

If ψ(vS, θ1) ≥ ψ(vS, θ2) then for any r ∈ [ψ(vS, θ2), ψ(vS, θ1)], φ(r, θ2) ≥ vS and the expres-

sion is negative, as required. If ψ(vS, θ1) < ψ(vS, θ2) then for any r ∈ [ψ(vS, θ1), ψ(vS, θ2)],

φ(r, θ2) < vS and the expression is negative again.
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Proof of Proposition 3

The increase in absolute terms can be proved by just slightly generalizing the reason-

ing from the main body. Formally, this follows from the following lemma, which is

proved in Online Appendix OA.1. Given the old equilibrium separation function the

generalized regularity condition is defined as follows: there exists some v′ > vcS, such

that ∂
∂vS

C(ψ(v′; θ1), v′; θ2) − ∂
∂vS

C(ψ(v′; θ1), v′; θ1) 6= 0 and sgn
(

∂
∂vS

C(ψ(v; θ1), v; θ2) −
∂
∂vS

C(ψ(v; θ1), v; θ1)
)

= sgn
(

∂
∂vS

C(ψ(v′; θ1), v′; θ2) − ∂
∂vS

C(ψ(v′; θ1), v′; θ1)
)

for all v ∈
(vcS, v

′).

Lemma 7. Suppose the concordance of the distribution of relative skills increases and

the change satisfies the generalized regularity condition. As long as (i) the change in

concordance is unbiased, i.e. ∆θwS(vS) = ∆θwM(ψ(vS; θ1)) for all vS ≥ vcS and (ii)

the increase in concordance leaves the critical skill levels (vcM , v
c
S) unchanged, then wage

polarization increases in absolute terms. Further, the lowest wage remains unchanged

(∆θwi(v
c
i ) = 0) and the highest wage increases (∆θwi(1) ≥ 0).

Clearly, under symmetry wM(vM) = wS(vS) and ψ(vS) = vS for all vS ≥ vcS and so

the Lemma applies. The increase in log-wage range follows trivially from ∆θwi(v
c
i ) = 0

and ∆θwi(1) ≥ 0. To see that left-tail log-wage inequality must fall, note that

∆θ

(
lnW (t)− lnW (0)

)
= ∆θ lnW (t) = ln

(∆θW (t)

W (t; θ1)
+ 1
)
.

The RHS has the same sign as ∆θW (t) and the fall in left-tail inequality in relative terms

follows from the fact that it falls in absolute terms.

C.2 Vertical Differentiation

Definition 13. Vertical differentiation in manufacturing increases by (strictly) more

than in services if, for all (vM , h):

ψvS(vS; θ1)∆c
∂

∂vM
πM(ψ(vM ; θ1), PM(ψ(vs); θ1)) ≥ (>)∆c

∂

∂vS
πs(vs, PS(vS; θ1)).

Note that a manufacturing-specific increase in vertical differentiation (Definition 6)

implies trivially that vertical differentiation increased by more in manufacturing than in

services.

Definition 14. The matching problems (Q(θ1), Q(θ2)) have (strong) impossibility prop-

erty if it is impossible that vcS(θ2) < (≤)vcS(θ1) and ∆θSS(0) > (≥)0.

Theorem 3. Suppose (Q(θ1), Q(θ2)) exhibit the impossibility property, RS is unchanged

and RM weakly increases. If vertical differentiation increases by more in manufacturing
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than services then (i) SS(vS; θ2) ≤ SS(vS; θ1) for all vS and (ii) SM(vM ; θ2) ≥ SM(vM ; θ1)

for all vM . If the impossibility property is strong, then (i) holds strictly for a posi-

tive measure of vS and (ii) for a positive measure of vM . If the increase in differenti-

ation is strict, then (iii) SS(vS; θ2) < SS(vS; θ1) for all vS ∈ [max vcS,max v̄S) and (iv)

SM(vM ; θ2) > SM(vM ; θ1) for all vM ∈ [max vcM ,max v̄M).

Proof of Theorem 3. The results for services are proved in a series of lemmas and the

result for manufacturing follow easily (details at the end of the proof). But first, I define

the following three sets of services talent levels

Ξ0 = {vS ∈ [max vcS,min v̄S] : SS(vS; θ2) ≥ SS(vS; θ1)}

Ξ1 = {vS ∈ [max vcS,min v̄S] : ψ(vS; θ2) < ψ(vS; θ1) ∧ SS(vS; θ2) > SS(vS; θ1)}

Ξ2 = {vS ∈ [max vcS,min v̄S) : ψ(vS; θ2) ≤ ψ(vS; θ1) ∧ SS(vS; θ2) ≥ SS(vS; θ1)}

as well as the function κ : [max vcS,min v̄S]→ R:

κ(vs) = ∆θwS(vs)−∆θwM(ψ(vS; θ1)).

Lemma 8. Suppose that vertical differentiation increases by (strictly) more in manufac-

turing than services. Then ∂
∂vS

κ(vs) ≤ (<)0 for all vS ∈ Ξ0.

Proof of Lemma 8. Remember that ∂
∂vS

PS(vS) =
ψvS (vS) ∂2

∂vM∂vS
C(ψ(vS),vS)

RS
. Take any vS0 ∈

Ξ0 Note that by Equation (31) we have ∆θPM(ψ(vS0; θ1)) ≥ 0. Then we have

∆θ
∂

∂vM
wM(ψ(v0; θ1)) = ∆θ

∂

∂vM
πM(ψ(v0; θ1), PM(ψ(v0; θ1); θ2))

+

∫ PM (ψ(v0;θ1);θ2)

PM (ψ(v0;θ1);θ1)

∂2

∂vM∂h
πM(ψ(v0; θ1), r; θ1)dr ≥ (>)0,

as ∆θ
∂

∂vM
πM(vM , h) ≥ (>)0 for any (vM , h), πM(•) is supermodular and ∆θPM(ψ(vS0; θ1)) ≥

0. Whereas for vS0 we have:

∆θ
∂

∂vS
wS(vS0) = ∆c

∂

∂vS
πs(vs, PS(vS; θ1)) +

∫ PS(vS0;θ2)

PS(vS0;θ1)

∂2

∂vS∂h
πS(vS0, r)dr ≤ 0,

as πS(•) is supermodular and ∆θPS(vS0) ≤ 0. By differentiating Equation (??) wrt to v

for both θ2 and θ1, taking differences and rearranging, we arrive at

∂

∂vS
κ(vs) =

[
∆θ

∂

∂vS
wS(vS0)− ψvS(vS0; θ1)∆θ

∂

∂vM
wM(ψ(vS0; θ1)

]
,

from which follows trivially that ∂
∂vS

κ(vs) ≤ (<)0.
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Lemma 9. Suppose that ∂
∂vS

κ(vs) ≤ (<)0 for all vS ∈ Ξ0. Then for any v1 ∈ Ξ1(Ξ2) it

is the case that (v1,min v̄S] ⊂ Ξ1.

Proof of Lemma 9. First, note that κ(vs) =
∫ ψ(vS ;θ1)

ψ(vS ;θ1)
∂
∂vS

πM(r, P (r; θ2); θ2)dr. Because
∂
∂vS

πM > 0 it follows that sgn(∆θψ(vS)) = sgn(κ(vs)). In particular, this means that

κ(v1) < (≤)0. Second, define the set Ξ3 = {vS ∈ [v1,min v̄S] : vS 6∈ Ξ1}.
I will first show the result for v1 ∈ Ξ1. Suppose Ξ3 is non-empty—then continuity

of ψ and SS implies that min Ξ3 exists; clearly min Ξ3 > v1. Further, [v1,min Ξ3] ⊂ Ξ0.

Therefore, the following is true for all v ∈ [v1,min Ξ3]: (a) ∂
∂vS

κ(vs) ≤ 0, (b) κ(v1) < 0

and (a) imply that κ(vs) < 0, which further implies that (c) ∆θψ(vS) < 0. However, the

last fact implies that

∆θSS(minX3) = ∆θSS(v1) +

∫ min Ξ3

min v1

∫ ψ(r;θ2)

ψ(r;θ1)

∂2

∂vM∂vS
C(s, r)dsdr < 0,

and min Ξ3 ∈ Ξ1; contradiction!

Now suppose that v1 ∈ Ξ2. By continuity of κ and the fact that ∂
∂vS

κ(v1) < 0,

there must exist some v2 > v1 such that for all vS ∈ [v1, v2] we have ∂
∂vS

κ(v1) < 0. It

follows that κ(vS) < 0 and ∆θψ(vS) < 0 for all vS ∈ (v1, v2], from which follows that

∆θ3SS(vS) < 0 for all vS ∈ (v1, v2]. Therefore, (v1, v2] ⊂ Ξ1; by the reasoning above

follows that [v2,min v̄S ⊂ Ξ1; combining these two completes the proof.

Lemma 10. Suppose that for any v1 ∈ Ξ2(Ξ1) it is the case that [v1,min v̄S]Ξ1. Then

Ξ2 (Ξ1) is empty.

Proof of Lemma 10. Take any vS1 ∈ Ξ2(X1). This implies that ∆θψ(vS) < 0 for all

vS ∈ [vS1,min v̄S], which implies that v̄S(θ2) > v̄S(θ1). ∆θSS(vS1) can be expanded into:

∆θSS(vS1) =

∫ v̄S(θ2)

vS1

∂

∂vS
C(ψ(vS; θ2), vS)dvS −

∫ v̄S(θ1)

vS1

∂

∂vS
C(ψ(vS; θ1), vS)dvS −∆θv̄S

=

∫ v̄S(θ1)

vS1

∫ ψ(vS ;θ2)

ψ(vS ;θ1)

∂2

∂vM∂vS
C(s, vS)dsdvS −

∫ v̄S(θ2)

v̄S(θ1)

1− ∂

∂vS
C(ψ(vS; θ2), vS)dvS.

The LHS is (strictly) positive, whereas the RHS is strictly negative—contradiction. Thus

Ξ2(Ξ1) must be empty, as required.

Lemma 11. Suppose Ξ1 is empty. Consider some vSe ∈ [max vcS,min v̄S]. Then ∆θSS(vSe) ≤
0 implies ∆θSS(vSe) ≤ 0 for all vS ∈ [vSe,min v̄S]. If Ξ2 is empty, then additionally

∆θSS(vSe) < 0 implies ∆θSS(vSe) < 0 for all vS ∈ [vSe,min v̄S).

Proof. I will start with the first claim. Suppose it is false. Then the set Υ1 = {vS ∈
[vSe,min v̄S] : ∆θSS(vS) > 0} has to be non-empty. Take some vS

1 ∈ Υ1 and define Υ2 =

{vS ∈ [vSe, vS1] : ∆θSS(vS) ≤ 0}. By continuity of ∆θSS(vS) the point vS
2 = max Υ2
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exists and is < vS
1. Therefore, for any vS ∈ (vS

2, vS
1] we have ∆θSS(vS) > 0. However,

as:

∆θSS(vS
1) = ∆θSS(vS

2)−
∫ vS

1

vS2

∫ ψ(r;θ2)

ψ(r;θ1)

∂2

∂vM∂vS
C(s, r)dsdr,

this implies that there exists some vS1 ∈ (vS
2, vS

1] such that ∆θψ(vS1) < 0 and thus

vS1 ∈ Ξ1—contradiction.

Let us move to the second claim. Again, suppose it is false. Then the set Υ3 =

{vS ∈ [vSe,min v̄S] : ∆θSS(vS) ≥ 0} has to be non-empty; but as ∆θSS(vS) is continuous

in v, the non-emptiness implies that vS
3 = min Υ3 exists. Additionally, vS

3 > vSe, as

∆θSS(vSe) < 0. Define a new set Υ4 = {vS ∈ [vSe, vS
3] : ∆θψ(vS) ≤ 0} and vS

4 =

max Υ4; by definition of vS
3, for any vS < vS

3∧ ∈ Υ4 we have that ∆θSS(vS) < 0.

As [vSe, vS
3] is a compact set and ∆θψ(vS) is continuous vS

4 won’t exist only if Υ4 is

empty; but an empty Υ4 implies that ∆θψ(vS) > 0 for any vS ∈ [vSe, vS
3], which in

turn means that ∆θSS(vS
3) < 0, which contradicts the definition of vS

3. Therefore vS
4

needs to exist. Now suppose that vS
4 < vS

3; then we have ∆θSS(vS
4) < 0 and for any

vS ∈ (vS
4, vS

3],∆θψ(vS) > 0, which implies that ∆θSS(vS
3) < 0 and also contradicts the

definition of vS
3. Therefore it has to be the case that vS

3 = vS
4; but this implies that

∆θ(ψ(vS
3)) ≤ 0 and ∆θSS(vS

3) ≥ 0, which contradicts emptiness of Ξ2

Lemma 12. ∆θSS(min v̄S) ≤ 0 implies that (i) for any vS > max v̄S we have ∆θSS(vS) ≤
0 and (ii) for all vS ∈ [min v̄S,max v̄S) we have ∆θSS(vS) < 0.

Proof. Note that ∆θSS(min v̄S) < (≤)0 implies that v̄S(θ2) > (≥)v̄S(θ1)145. Thus, if

∆θSS(min v̄S) = 0 then min v̄S = max vcS and the second claim follows trivially. Whereas

if ∆θSS(min v̄S) < 0 then v̄S(θ2) > v̄S(θ1) and by the fact that all agents with vS ∈ (v̄S, 1]

join services for sure it follows that for vS ∈ (v̄S(θ1), v̄S(θ2)) we also have ∆θSS(vS) < 0.

Claim (i) for vS > max v̄S follows easily from the aforementioned property of v̄S.

Lemma 13. The (strong) impossibility property implies that if vcS(θ2) < (≤)vcS(θ1) then

∆θSS(vcS(θ1)) < 0.

Proof. This follows from the fact that ∆θv
c
S < (≤)0 implies that GS(vcS(θ1)) > (≥)0, the

fact that:

∆θSS(vS) =
(
1− (GS(vS; θ2)

)
∆θSS(0)− SS(0)(θ1)∆θGS(vS) (46)

and the fact that vcS(θ1) < 1 and thus 1−GS(vS; θ2) > 0.

145 To see this, denote the θj for which v̄S(ci) = max v̄S as θm; then we have

∆θSS(min v̄S ; θ1) =

∫ v̄S(θ1)

v̄S(θ2)

1− ∂

∂vS
C(ψ(vS , cm), vS)dvS .

As 1 − ∂
∂vS

C(ψ(vS , cm), vS) ≥ 0, the fact that ∆θSS(min v̄S) < (≤)0 implies that for this to hold we
need v̄S(θ2) > (≥)v̄S(θ1).
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Lemma 14. Empty Ξ1 and impossibility property jointly imply ∆θSS(max vcS) ≤ 0. If

either the increase in vertical differentiation is strict or the property is strong then this

inequality holds strictly.

Proof. Suppose (strong) impossibility property holds. Define a set Ξ5 = {vS ∈ [max vcS,max v̄S) :

∆θψ(vS5) < 0∧∆θSS(vS5) ≥ 0}. By continuity, there has to exist some arbitrarily small

ε > 0 such that vS5 + ε ∈ Ξ1; thus, by Lemma 10, an increase in vertical differentiation

implies that Ξ5 has to be empty.

If vcS(θ2) < (≤)vcS(θ1), then by Lemma 13 we have ∆θSS(max vcS) < 0. If vcS(θ2) ≥
vcS(θ1) and max vcS ≥ min v̄S, then—as v̄S > vcS—it has to be that v̄S(θ2) > vcS(θ2) >

v̄S(θ1). But as all agents with vS > v̄S join services, this implies ∆θSS(vcS(θ2)) < 0.

Thus, we only need to show the result for max vcS < min v̄S and vcS(θ2) ≥ (>)vcS(θ1).

As ∆θRM ≥ 0 we have C(vcM(θ1), vcS(θ1)) ≥ C(vcM(θ2), vcS(θ2)) and thus ∆θv
c
S ≥ (>)0

implies ∆θv
c
M ≤ 0. As ψ(vcS) = vcM and ψ(vS) is strictly increasing for any c we have:

ψ(vcS(θ2); θ1) ≥ (>)vcM(θ1), vcM(θ1) ≥ vcM(θ2) and vcM(θ2) = ψ(vcS(θ2); θ2), which trivially

implies that

∆θψ(vcS(θ2)) ≤ (<)0.

If the impossibility property holds, then this inequality holds weakly, which together

with empty Ξ1 implies ∆θSS(vcS(θ1)) ≤ 0. If the impossibility property is strong, then

∆θψ(vcS(θ2)) < 0, which—as Ξ5 is empty—implies ∆θSS(max vcS) < 0. If Ξ2 is empty,

then we have that ∆θψ(vcS(θ2)) ≤ 0 implies ∆θSS(max vcS) < 0, which concludes the

proof.

Lemma 15. Empty Ξ1 and impossibility properties imply jointly that for any vS <

max vcS, ∆θSS(vS) ≤ 0.

Proof. Suppose ∆θv
c
S < 0—then for all vS < max vcS we have that GS(vcS(θ1)) ≥ 0 and

by impossibility property that ∆θSS(0) ≤ 0. Thus, the claim follows from Equation (46).

Now suppose that ∆θv
c
S ≥ 0. This implies that for any vS ≤ vcS(θ2) it is the case

that ∆θGS(vcS(θ2)) = 0 − GS(vS; θ2) ≤ 0 and this expression is decreasing in v. As by

Lemma 14 ∆θSS(vcS(θ2)) ≤ 0 it follows from Equation (46) that ∆θSS(vS) ≤ 0 for all

vS < max vcS, as required. Note that this implies also that ∆θSS(0, c) = ∆SS(0) ≤ 0.

Lemma 16. For all vS ∈ [max vcS,min v̄S], if ∆θSS(vS) ≤ (<)0 then ∆θSM(ψ(vS; θ2)) ≥
(>)0.

Proof. From Equation (31) and Lemma 2 follows that

∆θSM(ψ(v; θ2)) = −∆θSS(v)

−
[ ∫ ψ(v;θ2)

ψ(v;θ1)

∂

∂vM
C
(
r, v)

)
dr −

∫ ψ(v;θ2)

ψ(v;θ1)

∂

∂vM
C
(
r, φ(r; θ1)

)
dr
]
.
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If ψ(vS; θ2) ≥ ψ(vS; θ1) then for any r ∈ [ψ(vS; θ1), ψ(vS; θ2)], φ(r; θ1) ≥ vS and my claim

follows. If ψ(vS; θ2) < ψ(vS; θ1) then for any r ∈ [ψ(vS; θ2), ψ(vS; θ1)], φ(r; θ1) < vS and

my claim follows as well.

All results for services follow easily from Lemmas 8, 9, 10, 11, 12, 14 and 15 as

well as continuity of ∆θSS(·). As Lemma 12 has an exact manufacturing analogue, the

manufacturing results for vM ≥ max vcM follow from services results and Lemma 16. The

results for vM < max vcM follow from reasoning analogous to that in proof of Lemma 15

once we note that ∆θSS(0) ≤ 0 implies ∆θSM(0) ≥ 0.

Proof of Proposition 4

The impossibility property is met, as ∆θSS(0) = 0; the result follows from Theorem 3.

Proof of Proposition 7

Suppose the impossibility property does not hold, then ∆θSS(0) > 0 and ∆θv
c
S < 0,

which implies that ∆θSM(0) < 0, ∆θv
c
M ≥ 0 and trivially ∆θh

c
S < 0 and ∆θh

c
M > 0.

∆θSS(0; θ1) > 0 implies SS(0; θ2) < RS; ∆θSM(0) < 0 implies RM > SM(0; θ2), and thus

from (37)—(38) in the proof of Theorem 1 follows that:

πM(vcM(θ2), hcM(θ2); θ2) ≤ πS(vcM(θ2), hcS(θ2)) (47)

πS(vcS(θ1), hcS(θ1)) ≤ πM(vcM(θ1), hcM(θ1); θ1). (48)

Given that ∂
∂vS

πS > 0 and ∂
∂h
πS ≥ 0, we have that RHS of (47) is strictly less than the

LHS of (48) and therefore πM(vcM(θ2), hcS(θ2); θ2) < πM(vcM(θ1), hcS(θ1); θ1). However, as

∆θπM(vcM(θ1), hcM(θ1)) ≥ 0, ∂
∂vM

πM > 0 and ∂
∂h
πM ≥ 0 this is impossible and impossibility

property holds; the result follows from Theorem 3.

Lemma 17. Scarce jobs and a strict increase in vertical differentiation imply that ∆v̄M ≤
0, ∆v̄S ≥ 0, with at least one of these holding strictly.

Proof. The first part follows trivially from Theorem 3 and Lemma 12. Suppose ∆v̄S = 0;

consider the set ΩT = {vS ∈ [max vcS,min v̄S] : ∆ψ(vS) < 0} and its minimum vS
5.

Suppose vS
5 6= min v̄S. By Theorem 3 we have then that ∆SS(v5

S) < 0, which implies

∆SS(min v̄S) < 0, and thus ∆v̄S > 0—contradiction. Therefore, if ∆v̄S = 0, then

∆ψ(min v̄S) < 0, which implies ∆v̄M < 0 and concludes the proof.

Proof of Proposition 5

(i) From Theorem 3 in Appendix C and Lemma 3 follows that for (strictly) scarce jobs

a strict increase in vertical differentiation results in a (strict) decrease in vcS. As wS(vcS)
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remains unchanged and surplus function is supermodular, the (strict) increase in lowest

wage follows from inspection of Equation (??). Note that for any vS
′′ > vS

′ ≥ vcS we have

wS(vS
′′) =

∫ vS
′′

vS ′

∂

∂vS
πS(r, PS(r))dr + wS(vS

′). (49)

As PS(r) increases and surplus is supermodular, it follows that wS(vS
′′) increases by more

than wS(vS
′).

(ii) Proposition 4 and of Lemma 17 (in Appendix C) imply that v̄M(θ2) ≤ v̄M(θ1) and

v̄S(θ2) ≥ v̄S(θ1) and at least one of these inequalities is strict. This gives

wM(v̄M(θ1); θ2) ≥ wM(v̄M(θ2); θ2) = wS(v̄S(θ2); θ2) ≥ wS(v̄S(θ1); θ2)

wS(v̄S(θ2); θ1) ≥ wS(v̄S(θ1); θ1) = wM(v̄M(θ1); θ1) ≥ wM(v̄M(θ2); θ1)

with at least one inequality holding strictly, which trivially implies

wM(v̄M(θ1); θ2)− wM(v̄M(θ1); θ1) > wS(v̄S(θ2); θ2)− wS(v̄S(θ2); θ1). (50)

Thus, wM(v̄M(θ1)) increases strictly. For any vM > v̄M we have that

wM(vM) =

∫ vM

v̄M

∂

∂vM
πM(r,GM(r))dr + wM(v̄M(θ1)). (51)

For vM > v̄M(θ1), GM(vM) does not change; and as surplus’ spread implies that ∂
∂vM

πM(vM , h)

strictly increases, it follows that wM(vM ; θ2) > wM(vM ; θ1) for any vM ∈ [v̄M(θ1), 1].

(iii) Follows from (i), (ii) and the fact that with scarce jobs wi(v
c
i (θ2); θ2) = wi(v

c
i (θ1); θ1).

I will turn now to wages of the least skilled agents with strictly scarce jobs. By

Theorem 3 we have that vcM(θ2) > vcM(θ1). As wages strictly increase in talent, it follows

from definition of critical skill that wM(vcM(θ2); θ1) > wM(vcM(θ1); θ1) = 0. Note that

existence of a positive mass of agents for whom wages decrease (increase) follows from

continuity of wage functions.

Proof of Proposition 6

The profit earned by firm hi is equal to the difference between the surplus produced by

its match and the wage it pays its worker. After some rearrangements this yields

ri(hi) =

∫ hi

hci

∂

∂hi
πM(P−1

i (s), s)ds+ ri(h
c
i). (52)

The first claim follows from inspection of Equation (52): Each firm is matched with a less

productive agent, so (PS)−1 decreases for all h; and as ri(h
c
i) = πS(vcS, 0) in the scarce

jobs case, it falls as well (vcS falls by Proposition 4). The second follows trivially from the
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fact that the pool of services firms is unchanged, the supply of talent falls and surplus is

increasing in talent.

As for the last two claims, note that, fixing sectoral supply functions, an increase

in surplus’ levels increases the total surplus in the economy. As the stable assignment

is surplus maximising in this model, the change from the old to new stable assignment

has to further improve total surplus.146 Finally, as services’s total surplus falls, it has to

increase in manufacturing.

Proof of Lemma 4

If Π(x, z, i) is strictly increasing in productivity, then hi(·) must be strictly increasing in

z.147 Denoting the distribution of Z conditional on i = M as HZM it follows from the

fact that hM has standard uniform distribution that HZM (z) = hM(z). Thus, a FOSD

improvement in the distribution of Z|M implies that hM(z; θ2) ≤ hM(z; θ1). Consider

such z and z′ that hM(z′; θ2) = hM(z; θ1); it follows that z′ ≥ z. Thus:

∂

∂vM
πM(vM , hM(z′; θ2); θ2) =

∂

∂vM
πM(vM , hM(z′; θ1); θ1) ≥ ∂

∂vM
πM(vM , hM(z; θ1); θ1),

as required, where the final inequality follows from the supermodularity of reduced surplus

function.

Lemma 18. If jobs are abundant, surplus levels increase universally in manufacturing

and workers vertical differentiation increases in manufacturing, then the lowest profit

rises in manufacturing and decreases in services (rM(hcM(θ2); θ2) ≥ rM(hcM(θ1); θ1) and

rS(hcS(θ2); θ2) ≤ rS(hcS(θ1); θ1)), where hci = 1− Si(0)
Ri

.

Proof. In manufacturing, there are two possibilities: SM(0; θ1) < RM and SM(0; θ1) =

RM . If the former is the case, then rM(hcM(θ1); θ1) = 0 and the result follows trivially.

If the latter is true, then SM(0; θ2) = RM and by Proposition 7 we have vcM(θ2) ≥
vcM(θ1), vcS(θ2) ≤ vcS(θ1), hcM(θ1) = hcS(θ2) and hcS(θ2) = hcS(θ1).148 This implies that

rM(hcM(θ2); θ2) ≥ rM(hcM(θ1); θ1), as by market clearing and Equations (37)-(38)

rM(hcM(ci); θj) = πM(vcM(θj), h
c
M(θj))− πS(vcS(θj), h

c
S(θj)),

for i = 1, 2. The result for services follows from analogous reasoning, but the two cases

are SS(0; θ2) < RS and SS(0; θ2) = RS.

146This is the case, as my model can be rewritten as a special case of the assignment model described
in Gretsky et al. (1992) and thus the equivalence of stable and efficient matching showed by them holds
for my model as well.

147For any z′ > z we have πi(vi, hi(z
′)) > πi(vi, hi(z)). Suppose that hi(z

′) ≤ hi(z). Then by
Assumption A1.3 πi(vi, hi(z

′)) ≤ πi(vi, hi(z)); contradiction.
148The change in critical levels follows from the fact that with fixed sector sizes an improvement in skill

supply is equivalent to a FOSD improvement in the distribution of skill.
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Proof of Proposition 8

Lemma 19. Suppose that (a) the surplus function in sector i weakly increases for all

matches, (b) that the share of surplus produced by the worse match and received by the

firm (ri(h
c
i)) decreases (strictly) and (c) that Pi(vi; θ2) ≥ Pi(vi; θ2) for all vS ∈ [max vci , 1].

Then it must be the case that wi(vS; θ2) ≥ (>)wi(vS; θ1) for all vS ∈ [max vci , 1].

Proof. Consider the agent with skill maxθ v
c
i = max{vci (θ1), vci (θ2)}; that is a worker with

the lowest skill level that will be observed in both matching problems in sector i. Her

wage depends on two factors: positively on the surplus she produces and negatively on

its share received by the firm she is matched with. The first factor always increases, as

she is matched with a more productive firms. The change in the second factor can be

both positive (for maxθ v
c
S = vcS(θ1)) and negative (for maxθ v

c
S = vcS(θ2)). If the former

is the case, however, then the increase in surplus received by her firm

∆θrS(PS(vcS(θ1)) =

∫ vcS(θ1)

vcS(θ2)

∂

∂vS
PS(r; θ2)

∂

∂h
πS(r, PS(r, c2))dr + ∆θri(h

c
i),

is always (strictly) less than the increase in the surplus she produces (as ri(h
c
i) ≤ (<)0):

πS(vcS(θ1), PS(vcS(θ1))− πS(vcS(θ1), hcS)

=

∫ vcS(θ1)

vcS(θ2)

∂

∂vS
PS(r; θ2)

∂

∂h
πS(vcS(θ1), PS(r, c2))dr.

Thus, wS(maxθ v
c
S; θ2)−wS(maxθ v

c
S; θ1) ≥ 0 and by inspection of Equation (49) we have

that wS(vS
′′; θ2)−wS(vS

′′; θ1) ≥ wS(vcS(θ2); θ1)−wS(vcS(θ1); θ1), for any vS
′′ ∈ [vcS(θ1), vS

′].

It follows that wages increase (strictly) for all vS ∈ [vcS(θ1), vS
′].

Consider T = A1
A(θ2)∩A1

A(θ1), the set of agents who work in services in both matching

problems. Clearly, the skill of the least skilled of those workers –infy T—is maxθ v
c
S.

Because Pi(vi; θ2) ≥ Pi(vi; θ2) for all vS ∈ [max vci , 1] by Proposition 7 it follows from

Lemmas 18 and 19 that wages increase for all vS ∈ T . This and revealed preference

imply that all agents who used to work in services are better off149. As the top wages

increase by more in manufacturing (by the same reasoning as in the proof of Proposition 5)

it follows that wages increase for most skilled manufacturing workers.

Proof of Proposition 9

The result wrt services profits follows from Proposition 7, the definition of a decrease

in supply, the definition of PAM (Pi(·)), Lemma 18 in Appendix C and inspection of

149This is trivial if vcS(θ2) ≤ vcS(θ1). If vcS(θ2) ≥ vcS(θ1) then the agents with vS ∈ [vcS(θ1), vcS(θ2))
will move to manufacturing; but as the lowest wages are the same in both sectors, they earn more than
wS(vcS(θ2); θ2), which in turn is greater than their old wage.
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Equation (52). The increases in total output follow from analogous reasoning as in the

proof of Proposition 6.

D Endogenous Entry

Proof of Proposition 10

The proof will consist of two steps. First, I will prove that

E∗ ∈ EE ⇐ V (E∗)− V (E ′) ≥ 0 for all E ∈ EB, (53)

which trivially implies the “only if” part of the lemma. In the second step I will show

the “if” part.

’Only if’ Denote as Si(·, RM , RS) the equilibrium supply of skill in sector i in the

baseline model if the measures of firms are RM , RS.150 Define

Ti(Ri) = Ti(Si(RM , RS), Ri),

T (RM , RS) = TM(SM(RM , RS), RM) + TS(SS(RM , RS), RS),

V (RM , RS) = V (SM(RM , RS), SS(RM , RS), RM , RS),

so the gross and net surpluses holding in an equilibrium of the baseline model if the

measures of firms are RM , RS. In a direct analogy, we can also denote the average profits

in sector i holding in equilibrium for RM , RS as r̄i(RM , RS). Note that these are defined

uniquely if Ri > 0 and RM +RS 6= 0, otherwise they can take a range of values.

Lemma 20. Consider (RM , RS), (R′M , R
′
S) ∈ R2

≥0. For any t ∈ [0, 1] define Ri(t) =

Ri+ t(R′i−Ri) and V (t) = V (RM(t), RS(t)). The following is true: (a) V (·) is absolutely

continuous; (b) for any t ∈ (0, 1) for which V is differentiable, we have

Vt(t) = (R′M −RM)(r̄M(RM(t), RS(t))− cM) + (R′S −RS)(r̄S(RM(t), RS(t))− cS),

giving

V (t) = V (0) +

∫ t

0

(R′M −RM)r̄M(RM(s), RS(s)) + (R′S −RS)r̄S(RM(s), RS(s))ds. (54)

Proof. As the baseline model is an assignment game, it follows from the results in Gretsky

et al. (1992) that the equilibrium of the baseline model is efficient and, thus

V (RS, RM) = max
(SM ,SS)∈SB

V (SM , SS, RM , RS), (55)

150Formally, SM (·, RM , RS) = Si(·) if and only if there exists some function SS(·) such that
(SM , SS , RM , RS) ∈ EB.
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where SB = {(SM , SS) : ∃(RM ,RS)∈R2
≥0

(SM , SS, RM , RS) ∈ EB}. For any (RM , RS), (R′M , R
′
S) ∈

R2
≥0 we can define V (SM , SS, t) = V (SM , SS, RM(t), RS(t)). Note that Vt(SM , SS, t) ex-

ists as long as Ri(t) 6= Si(0), and Ri(t) 6= 0 so for all t ∈ [0, 1] but at most four. Further,

whenever Vt(SM , SS, t) does exist we have that

Vt(SM , SS, t) = (R′M −RM)(r̄S(SM , RM(t))− cM) + (R′S −RS)(r̄(SS, RS(t))− cS),

where

r̄i(Si, Ri) =


∫ 1

0

∫ h
0

∂
∂h
πi(S

−1
i ((1− p)Ri), p)dp+ πi(S

−1
i (Ri), 0) dh for Ri ∈ (0, Si(0)),∫ 1

1−Si(0)
Ri

∫ h
1−Si(0)

Ri

∂
∂h
πi(S

−1
i ((1− p)Ri), p)dp dh for Ri > Si(0).

(56)

Thus,

V (SM , SS, t) = V (SM , SS, t1)+

∫ t

t1

(R′M−RM)r̄M(SM , RS(s))+(R′S−RS)r̄S(SS, RS(s))ds,

proving that V (SM , SS, ·) is absolutely continuous for any (SM , SS) ∈ SB and any choice

of (RM , RS), (R′M , R
′
S). Clearly, r̄(Si, Ri(t))− ci ∈ [−ci, πi(1, 1)− ci], implying

|Vt(SM , SS, t)| ≤ (R′M −RM) max{cM , πM(1, 1)}+ (R′S −RS) max{cS, πS(1, 1)}

which proves V (·) is absolutely continuous by Theorem 2 in Milgrom and Segal (2002).

Let us turn to point (b). Define T (t) = T (RM(t), RS(t)) and pick any t ∈ [0, 1] for

which T (t) is differentiable. Consider two c′M , c
′
S ∈ R≥0 such that c′i = r̄i(RM(t), RS(t)).

For entry costs c′M , c
′
S, the quadruple (SM(RM(t), RS(t)), SS(RM(t), RS(t)), RM(t), RS(t))

is an equilibrium of the extended model, implying that it maximizes the function V ′(t) =

T (t)− c′MRM(t)− c′MRM(t). Clearly, both V (·) and V ′(·) are differentiable at t as well.

It follows from first order conditions that V ′t (t) = 0 implying that

Tt(t) = (R′M −RM)c′M + (R′S −RS)c′S

= (R′M −RM)r̄M(RM(t), RS(t)) + (R′S −RS)r̄S(RM(t), RS(t)).

This proves that

Vt(t) = (R′M −RM)(r̄M(RM(t), RS(t))− cM) + (R′S −RS)(r̄S(RM(t), RS(t))− cS),

which, together with the absolute continuity of V (t) proves Equation (54) as well.

Consider RM
M , R

M
S ≥ 0 for which V (E) is maximized. I will show that RM

M , R
M
S must

satisfy condition (iv) of the equilibrium definition and, together with the corresponding
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supply functions, constitute an equilibrium.

First, I will show that if RM
M > 0 then r̄M − cM ≥ 0. First, pick some R′M < RM

M

and define V (t) for (RM
M , R

M
S ) and (R′M , R

M
S ). From Lemma 20 and the definition of

maximum follows that there exists some t′ ∈ (0, 1) such that for any t < t′ we have

r̄M(RM(t), RM
S (t)) > 0. If RM

M +RM
S 6= 1 then this immediately implies r̄M(RM

M , R
M
S ) ≥ 0

by continuity. If RM
M + RM

S = 1, there exist wage functions for which r̄M(RM
M , R

M
S ) ≥

0—and condition (iv) is satisfied as well. It remains to show that if RM
M ∈≥ 0 then

r̄M − cM ≤ 0. The proof is analogous: pick some R′′M > RM and the result follows from

an analogous reasoning as for RM
M > 0. The proof for services is analogous.

‘If ’ Assume that EE is non-empty and consider some E∗, E ′ such that E∗ ∈ EE, E
′ ∈

EB and E∗ 6= E ′. Denote by W the set of pairs of sectoral functions w = (wM , wS) that

are of the form prescribed by Proposition 1 given E∗ and consider an arbitrary w∗ ∈W.

Denote the total wage bill in sector i under wage function wi and supply function Si

as

w̄i(wi, Si) = −
∫ 1

0

wi(t)si(t)dt.

where ∂
∂v
Si(v) = si(v). Note that for Ri > 0 we have w̄i(wi, Si) = Ri

∫ 1

1−Si(0)
Ri

wi(S
−1
i ((1−

h)Ri))dh. We can now denote the average wage in the economy i under wage schedule

w = (wM , wS) and supply functions S = (SM , SS) as

w̄(w, S) = w̄M(wM , SM) + w̄S(wS, SS).

Note that by the definition of a sectoral supply function w̄(w∗, S∗) ≥ w̄(w∗, S ′). Further,

if S∗ 6= S ′, then this inequality holds strictly, because the measure of workers who are

indifferent between joining manufacturing or services is equal to 0.

Profit maximization implies that, if R′i > 0, then

r̄∗i − ci =

∫ 1

0

max{πi(v∗i (h), h)−w∗i (v∗i (h)), 0}dh− ci ≥
Ti(S

′
i, R

′
i)− w̄i(w∗i , S ′i)
R′i

− ci, (57)

where v∗i is the hiring function defined in Section 2.1.2.

I will prove the result by first assuming that R∗i , R
∗
S > 0 and only later considering the

alternative. Note that if R∗M , R
∗
S > 0, then v∗i (h) = (S∗i )

−1((1−h)R∗i ) for h ∈ [0, 1− S∗i (0)

R∗i
],

whereas for h ∈ [0, 1− Si(0)
Ri

] we have πi(v, h)− w∗i (v) ≤ 0 for all v ∈ [0, 1]. This gives

r̄∗i − ci =
Ti(S

∗
i , R

∗
i )− w̄i(w∗i , S∗i )
R∗i

− ci. (58)

Note also that R′M(r̄∗M−cM)+R′S(r̄∗S−cS) ≥ V (E ′)−w̄(w∗, S ′). If R′M , R
′
S > 0 this follows

directly from Equation (57). If R′i = 0, then it follows as Ti(S
′
i, R

′
i)−Rici − w̄i(w∗i , S ′i) ≤
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0 = R′i(r̄
∗
i − ci). Thus we can write

V (E∗)− w̄(w∗, S∗) = R∗M(r̄∗M − cM) +R∗S(r̄∗S − cS) = R′M(r̄∗M − cM) +R′S(r̄∗S − cS)

≥ V (E ′)− w̄(w∗, S ′). (59)

Now suppose that R∗i = 0. By definition of equilibrium follows that ri − ci ≤ 0. If

R′i > 0 we have that

0 = Ti(S
∗
i , R

∗
i )− w̄i(w∗i , S∗i )−R∗i ci ≥ R′i(r̄

∗
i − ci) ≥ Ti(S

′
i, R

′
i)− w̄i(w∗i , S ′i)−R′ici.(60)

Also, trivially, if R′i = 0, then

0 = Ti(S
∗
i , R

∗
i )− w̄i(w∗i , S∗i )−R∗i ci = Ti(S

′
i, R

′
i)− w̄i(w∗i , S ′i)−R′ici.

Thus, it follows that V (E∗)− w̄(w∗, S∗) ≥ V (E ′)− w̄(w∗, S ′).

V (E∗)−w̄(w∗, S∗) ≥ V (E ′)−w̄(w∗, S ′) and the fact that w̄(w∗, S∗) > w̄(w∗, S ′) imply

that

V (E∗)− V (E ′) ≥ w̄(w∗, S∗)− w̄(w∗, S ′) ≥ 0.

Suppose that V (E∗) = V (E ′). From (53) follows that this is possible only if E ′ ∈ EE.

Further, if S∗ 6= S ′, then w̄(w∗, S∗)− w̄(w∗, S ′) > 0, and thus V (E∗) = V (E ′) is possible

only if S∗ = S ′ and R∗i 6= R′i for some i ∈ {i, j}. Finally, it follows from Equation (56) and

Assumption 1 that if R∗i 6= R′i then r̄(S∗i , R
∗
i ) 6= r̄(S∗i , R

′
i) = ci, implying that E∗ 6∈ EE;

contradiction! Therefore, V (E∗) > V (E ′).

Proof of Theorem 2

Existence. Denote as Si(·, RM , RS) the equilibrium supply of skill in sector i in the base-

line model, holding for RM , RS. It follows from the proof of Theorem 1 that SS is con-

tinuous in RM , RS for any RM , RS > 0. Thus because
∫ 1

1−Si(0)
Ri

πi(S
−1
i ((1− h)Ri), h)dh ≤

πi(1, 1) for any Ri > 0, it follows that

V (RM , RS) = V (SM(RM , RS), SS(RM , RS), RM , RS)

is continuous in RM , RS.151

Lemma 21. If RM > R̄M = πM (1,1)+πS(1,1)
cM

then V (RM , RS) < 0 = V (0, 0).

Proof. It follows from Equation (23) that, trivially, Ti(RM , RS) ≤ πi(1, 1), where Ti(RM , RS)

is defined as in the proof of Proposition 10. Thus it follows from the definition of net

151This is because limRi→0 Vi(Si, Ri) = 0 · limRi→0

∫ 1

1−Si(0)

Ri

πi(S
−1
i ((1− h)Ri), h)dh ≤ 0 · πM (0, 0) = 0.
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total surplus that

V (RM , RS) ≤ πM(1, 1)−RMcM + πS(1, 1).

Note that πM(1, 1) − RMcM + πS(1, 1) < 0 for any RM > πM (1,1)+πS(1,1)
cM

, implying that

V (RM , RS) < 0 = V (0, 0), as required.

Of course, an analogous result holds for services. Define the set R̄ = {(RM , RS) ∈
R2
≥0 : RM ≤ R̄M , RS ≤ R̄S. Because the net total surplus for (RM , RS) = (0, 0) is zero,

it follows from Lemma 21 that

max
(RM ,RS)∈R2

≥0

V (RM , RS) = max
(RM ,RS)∈R̄

V (RM , RS).

As R̄ is closed and bounded, it follows from Weierstrass’ Theorem that V (RM , RS) admits

a global maximum on R2
≥0. As by Proposition 10 any global maximum must be en

equilibrium, existence follows.

Uniqueness. Follows immediately from Proposition 10.152

Wages First, if RM +RS 6= 1 in equilibrium, then this follows from the Proposition 1

and Lemma 1. Otherwise the constant of integration Ci is not uniquely determined in

the baseline model; here, however, if C ′i > Ci, then r̄′i > r̄i contradicting the requirement

that both have to be equal to ci.

Proof of Lemma 5

Of course, if wS(v′S) increases then the existence of v1
S follows trivially; analogously if

wS(v′S) decreases. Therefore it suffices to show that if wS(v′S) increases (decreases) then

v2
S (v1

S) exists. I will prove the case of an increase in wS(v′S); the proof for the other case

is analogous.

The proof will be by contradiction. Suppose that there exists a v′S ∈ [max vci , 1] such

that wS(v′S) increases strictly, yet for all vS ≥ vcS(θ2) we have that wS(vS) increases weakly.

Note that—because the surplus function is unchanged—the fact that wS(vS; θ2) ≥ (>

)wS(vS; θ1), implies that rS(PS(vS; θ2); θ2) ≤ (<)rS(PS(vS; θ2); θ1). This follows directly

from profit maximization, as

rS(PS(vS; θ2); θ1) ≥ πS(vS, PS(vS; θ2))− wS(vS; θ1)

≥ (>)πS(vS, PS(vS; θ2))− wS(vS; θ2)

= rS(PS(vS; θ2); θ2). (61)

Therefore rS(h) falls weakly for all h ∈ [hcS(θ2), 1], where hcS(θ2) = PS(vS(θ2); θ2). This

152Consider a pair E∗, E′ ∈ EE and E∗ 6= E′. Then (53) implies that V (E∗) > V (E) and V (E∗) <
V (E) which is a contradiction.
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further implies that hcS(θ2) ≥ hcS(θ1).153 Continuity implies that there exists some ε such

that rS(PS(vS; θ2); θ2) < rS(PS(vS; θ2); θ1) for all vS ∈ (v′S − ε, v′S + ε). Altogether, this

implies that r̄i(θ2) < r̄i(θ1) = ci, which contradicts the zero-expected-profits condition.

Proof of Proposition 11

All derivatives wrt ∆p will be evaluated at ∆p = 0. I will, thus, suppress |∆p=0 from

notation, so that ∂
∂∆p
|∆p=0 will be denoted just as ∂

∂∆p
.

The addition of a measure ∆p of workers with skill p, results in the following equilib-

rium matching function

PS(vS,∆p) =

1− 1−vS+∆p

RS(∆p)
for vS ∈ [vci , p)

1− 1−vS
RS(∆p)

for vS ∈ (p, 1],
(62)

where RS(∆p) is the equilibrium entry into services as a function of ∆p. Note that the

zero-expected-profit condition implies that (for strictly supermodular surplus functions)
∂

∂∆p
RS > 0. The change in wages in response to an infinitesimal ∆p is, therefore:

∂

∂∆p

wS(r) =
d

d∆p

wS(vcS)− ∂

∂∆p

vcS
∂

∂vS
πM(vcS, h

c
S)

+

∫ r

vcS

∂

∂∆p

PS(v)
∂2

∂vShS
πM(v, PS(v))dv. (63)

Trivially, for p 6= r, the first two derivatives of the above expression wrt vS are

∂

∂vS

∂

∂∆p

wS(r) =
∂

∂∆p

PS(r)
∂2

∂vShS
πM(r, PS(r)), (64)

∂2

∂v2
S

∂

∂∆p

wS(r) =
∂

∂vS

∂

∂∆p

PS(r)
∂2

∂vShS
πM(r, PS(r))

+
( ∂

∂∆p

PS(r)
)2 ∂3

∂vSh2
S

πM(r, PS(r)) (65)

I will now show that arg minr∈[vcS ,1]
∂

∂∆p
wS(r) = p. It follows from Weierstrass’ The-

orem that ∂
∂∆p

wS(·) must attain a global minimum on [vcS, 1]. This minimum can be

found only at (a) the boundaries, (b) stationary points and (c) at p = r, where ∂
∂∆p

wS(r)

is not differentiable. It follows immediately from Equations (64) and (65) that at any

stationary point ∂2

∂v2S

∂
∂∆p

wS(r) < 0, so that no stationary point can be global min. The

same is the case for r = 1, which leaves us with r = vcS as the only possibility. This, of

course, is possible only if ∂
∂∆p

PS(vcS) > 0. However, if vcS 6= p, then ∂
∂∆p

PS(vcS) > 0 implies

that ∂
∂∆p

wS(vcS) > 0.154 Thus it follows by Lemma 5 that arg minr∈[vcS ,1]
∂

∂∆p
wS(r) 6= vcS.

153Note that if rS(hcS(θj)) > 0 then hcS(θj) = 0. We have that rS(h; θ1) ≥ 0 for all hS ≥ hcS(θ2) and,
hence, hcS(θ1) ≤ hcS(θ2).

154 Assume vcS 6= p. First, note that ∂
∂∆p

PS(vcS) = ∂
∂∆p

hcS − 1
RS

∂
∂∆p

vcS . Note that in the single sector
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Therefore, arg minr∈[vcS ,1]
∂

∂∆p
wS(r) = p as required. This proves that ∂

∂vS

∂
∂∆p

wS(r) < 0

by Lemma 5.

Note that the total surplus (net of entry costs) in services is equal to:

VS = RS

∫ 1

hcS

πS(P−1
S (t), t)dt−RScS.

Lemma 22. In the single sector model the wage of worker r is equal to the response in

total net surplus to the addition of an infinitesimal ∆r measure of workers with skill r,

with ∂
∂∆p

VS = w(r).

This Lemma is a simple generalization of the result from Section III.B in Costrell and

Loury (2004); a formal proof is provided in Online Appendix OA.4. By Schwartzmann’s

Theorem:
∂

∂∆p

wS(r) =
∂

∂∆p

∂

∂∆r

VS =
∂

∂∆r

∂

∂∆p

VS =
∂

∂∆r

wS(p),

as required. If p = vcS then PS(vS,∆p) > 0 for all vS > vcS. It follows by an analogous

reasoning as above that in such a case arg maxr∈[vcS ,1]
∂

∂∆p
wS(r) = 1, and thus ∂

∂∆p
wS(1) >

0 by Lemma 5. It follows trivially that ∂
∂∆r

wS(p) = ∂
∂∆p

wS(r) > 0 for p = vcS and r = 1.

Proof of Proposition 12

As RM = RS = 1
2

in the symmetric Costrell-Loury specification, it follows that W (t) −
W (0) =

∫ G−1
i (t)

0
∂
∂vi
πi(s,Gi(s))ds and the increase in wage polarization in absolute terms

follows from the proof of Proposition 3.

The proof of the second statement is more involved. Define two functions A(t; θj) =
g(G−1

i (t;θ1);θ1)−g(G−1
i (t;θ2);θ2)

g(G−1
i (t;θj);θj)

and B(t; θj) =
∂
∂vi

g(G−1
i (t;θ1);θ1)− ∂

∂vi
g(G−1

i (t;θ2);θ2)

∂
∂vi

g(G−1
i (t;θj);θj)

, with j ∈ {1, 2}.

Note that B(t; θj) is well defined for t = 0, because ∂
∂vi
g(0) = CvMvS(0, 0)+CvMvM (0, 0) =

CvMvS(0, 0) > 0, as ∂
∂vM

C(vM , 0) = 0 for all vM . Further

d
dt

[
g(G−1

i (t; θ2); θ2)− g(G−1
i (t; θ1); θ1)

]
d
dt
g(G−1

i (t; θj); θj)
= B(0; θj)−

∂
∂vi
g(G−1

i (0; θk); θk)
∂
∂vi
g(G−1

i (0; θj); θj)
A(t; θk),(66)

where k 6= j. Therefore, it follows from the generalized l’Hopital rule (Theorem 2 in

model it is always the case that either vcS = 0 (if RS ≥ 1) or hcS = 0 (if RS ≤ 1). This implies, in
particular, that it is impossible to have ∂

∂∆p
hcS > 0 and ∂

∂∆p
vcS > 0 or ∂

∂∆p
hcS < 0 and ∂

∂∆p
vcS < 0.

Therefore, ∂
∂∆p

PS(vcS) > 0 implies that ∂
∂∆p

hcS ≥ 0 or ∂
∂∆p

vcS ≤ 0, with at least one of them holding

strictly. There are three possibilities. Firstly, RS < 1, in which case wS(vcS) = 0 and ∂
∂∆p

vcS < 0, giving
∂

∂∆p
wS(vcS) > 0. Secondly, RS = 1, in which case hcS = vcS = 0. This implies that ∂

∂∆p
vcS = 0 and,

therefore, ∂
∂∆p

hcS > 0. From Equation (62) we have then ∂
∂∆p

RS > 1, implying that d
d∆p

wS(vcS) > 0 and

thus also ∂
∂∆p

wS(vcS) > 0. And finally, if RS > 1, then wS(vcS) = πS(0, hcS) again giving ∂
∂∆p

wS(vcS) > 0.
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Taylor (1952)) that

lim sup
t→0

A(t; θj) ≤ B(0; θj)−
∂
∂vi
g(G−1

i (0; θk); θk)
∂
∂vi
g(G−1

i (0; θj); θj)
lim inf
t→0

A(t; θk), (67)

lim inf
t→0

A(t; θj) ≥ B(0; θj)−
∂
∂vi
g(G−1

i (0; θk); θk)
∂
∂vi
g(G−1

i (0; θj); θj)
lim sup
t→0

A(t; θk), (68)

lim inf
t→0

A(t; θj) ≤ B(0; θj)−
∂
∂vi
g(G−1

i (0; θk); θk)
∂
∂vi
g(G−1

i (0; θj); θj)
lim inf
t→0

A(t; θk). (69)

Equations (67) and (68) give:

lim sup
t→0

A(t; θj) ≤ B(0; θj)−
∂
∂vi
g(G−1

i (t; θk); θk)
∂
∂vi
g(G−1

i (t; θj); θj)
lim inf
t→0

A(t; θk) ≤ lim sup
t→0

A(t; θj)

whereas Equations (67) and (69) give:

lim sup
t→0

A(t; θj) ≤ B(0; θj)−
∂
∂vi
g(G−1

i (0; θk); θk)
∂
∂vi
g(G−1

i (0; θj); θj)
lim inf
t→0

A(t; θk) ≥ lim inf
t→0

A(t; θj).

The latter shows that limt→0A(t; θj) exists and the former that

lim
t→0

A(t; θ1) +
∂
∂vi
g(G−1

i (0; θ2); θ2)
∂
∂vi
g(G−1

i (0; θ1); θ1)
lim
t→0

A(t; θ2) = −
∆θ

∂
∂vi
g(G−1

i (0; θ2)))
∂
∂vi
g(G−1

i (0; θ1); θ1)

+
∂
∂vi
g(G−1

i (0; θ2); θ1)− ∂
∂vi
g(G−1

i (0; θ1); θ1)
∂
∂vi
g(G−1

i (0; θ1); θ1)
< 0.

It follows immediately from the strict increase in left-tail that limt→0A(t; θ1) > 0 or

limt→0A(t; θ2) > 0. Denote
d
dt
W (t;θ2)

W (t;θ2)
−

d
dt
W (t;θ1)

W (t;θ1)
as ∆θ

d
dt
W (t)

W (t)
. Crucially, limt→0 ∆θ

d
dt
W (t)

W (t)
=

limt→0

d
dt
W (t;θ2)

W (t;θ2)
−

d
dt
W (t;θ1)

W (t;θ1)
can be written as

lim
t→0

∆θ

d
dt
W (t)

W (t)
= lim

t→0

1

g(G−1
j (t; θk); θk)

[ ∂
∂vi
π(G−1

j (0; θj), t)

W (0; θj)
lim
t→0

A(t; θj)

−
∆θW (0) ∂

∂vi
π(G−1

j (0; θj), t)

W (0; θ1)W (0; θ2)

]
(70)

for all i ∈ {M,S}, k, j ∈ {1, 2}, and k 6= j. If W (t; θ2)W (t; θ1) is large enough or ∆θW (t)

is sufficiently small, then the term in brackets in Equation (70) must be negative for

some j ∈ {1, 2}.155 The first is ensured by a high enough reservation value, whereas the

latter by weak enough supermodularity of the surplus function. This proves the second

statement by the definition of a limit and the fact that lnW (t) =
∫ t

0

d
dt
W (t)

W (t)
+W (0).

155Note that if ∂2

∂hi∂vi
πi(vi, hi) is arbitrarily close to 0 for all (vi, hi) then ∆θW (t) is arbitrarily close

to 0 as well.
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Proof of Proposition 13

Endow the space R2
≥0 with the following partial order �: if R′M ≥ RM and R′S ≤ RS

then (R′M , R
′
S) ≥ (RM , RS). Clearly, (R2

≥0,�) is a lattice.

Recall the function V : R2
≥0 → R≥0 defined in the proof of Theorem 2. I will argue

that V is supermodular under order �. Consider two points R′′M , R
′′
S and RM , RS, such

that R′′i ≥ Ri. V (•) is supermodular if and only if for any such pair of points it is the

case that

V (R′′M , RS) + V (RM , R
′′
S) ≥ V (R′′M , R

′′
S) + V (RM , RS).

We can rewrite the above as

V (RM , R
′′
S)− V (RM , RS) ≥ V (R′′M , R

′′
S)− V (R′′M , RS).

By Lemma 20 this can be rewritten as∫ R′′S

RS

r̄S(RM , s)ds ≥
∫ R′′S

RS

r̄S(R′′M , s)ds. (71)

It follows immediately from Equation (56) and the fact that, by Theorem 3, SeS(R′′M , RS) ≤
SeS(RM , RS), that for any RS we have r̄S(RM , RS) ≥ r̄S(R′′M , RS), which proves that

Equation (71) must hold.

Further, consider some (R′M , R
′
S) � (RM , RS), then by Lemma 20 follows that

V (R′M , R
′
S)− V (RM , RS) = V (R′M , R

′
S)− V (R′M , RS) + V (R′M , RS)− V (RM , RS)

= −
∫ RS

R′S

r̄S(R′M , s)− cSds+

∫ R′M

RM

r̄S(m,RS)− cMdm (72)

Note that, by Propositions 9 and ?? we have that r̄S(R′M , RS, θ2) ≤ r̄S(R′M , RS, θ1) and

r̄M(RM , RS, θ2) ≥ r̄S(RM , RS, θ1). Denote the net surplus holding in the equilibrium

of the baseline model in specification θj, with firm measures RM , RS as V (RM , RS, θj).

Then it follows that

V (R′M , R
′
S, θ2)− V (RM , RS, θ1) ≥ V (R′M , R

′
S, θ2)− V (RM , RS, θ1).

In other words V (RM , RS, θ) has increasing differences in θ ∈ {θ1, θ2}. Finally, note that

the equilibrium sectoral firm measures R∗M(θj), R
∗
S(θj) are given by

(R∗M(θj), R
∗
S(θj)) = arg max

(RM ,RS)∈R2
≥0

V (RM , RS, θj).

From the facts that R2
≥0 endowed with the � is a lattice, θ ∈ {θ1, θ2} endowed with the

increasing order is a partially ordered set, V (RM , RS, θj) is supermodular in (RM , RS)
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and satisfies the increasing differences property in (RM , RS; θj) it follows from Theorem

6.1 in Topkis (1978) (or, alternatively, Theorem 4 in Milgrom and Shannon (1994)) that

RM(θ2) ≥ RM(θ1) and RS(θ2) ≤ RS(θ2).

Finally, note that a change from specification θ1 to specification θ2 of the extended

model constitutes a change from specification (RM(θ1), RS(θ1), θ1) to specification (RM(θ2), RS(θ2), θ2),

i.e. there is a simultaneous increase in RM , fall in RS, universal increase in surplus level,

and an increase in vertical differentiation of both workers and firms. This can be bro-

ken down as a change from (RM(θ1), RS(θ1), θ1) to (RM(θ1), RS(θ1), θ1) and only then

(RM(θ2), RS(θ1), θ2); applying Theorem 3 to both changes proves the result.

Proof of Proposition 14

First, note that it follows from differentiating Equation (14) that ψvS(vS; θ3) ≥
min ∂

∂vS
πS

max ∂
∂vM

πM
,

for any vS ∈ (vcS(θ3), v̄(θ3)). Note that
min ∂

∂vS
πS

max ∂
∂vM

πM
> 0 by Assumptions A1.2 and A1.3.

For any aR ∈ R>0 we can always define a function ψ(·, aR) : [vcS(θ1), v̄(θ1)] → [0, 1]

such that
∂
∂vS

C(ψ(vs,aR),vS)

aR
= ∂

∂vS
C(ψ(vs; θ1), vS). I will show that there must exist some

a∗R > 0 such that if aR < a∗R then ψvS(vS, aR) <
min ∂

∂vS
πS

max ∂
∂vM

πM
for all vS ∈ [vcS(θ1), v̄(θ1)]. By

differentiating the definition of ψ(·, aR) we get ψvS(vS, aR) =
−s′S(vS ;θ1)aR+CvSvS (ψ(vs,aR),vS)

CvMvS
(ψ(vs,aR),vS)

,

where −s′S(vS; θ1) = d
dvS

[ ∂
∂vS

C(ψ(vs; θ1), vS)]. Therefore, it is sufficient to show that

− s′S(vS; θ1)aR + CvSvS(ψ(vs, aR), vS) < c
¯

min ∂
∂vS

πS

max ∂
∂vM

πM
, (73)

where c
¯

= min(vM ,vS)∈[0,1]2 CvMvS(vM , vS) > 0 by Assumption A2.2. Note that ∂
∂vS

C(·, vS)

is continuously increasing, and that ∂
∂vS

C(0, vS) = 0 for all vS ∈ [0, 1]. From the definition

of ψ(·, aR) this implies that for small enough aR, ψ(vs, aR) must be arbitrarily small as

well and, hence, so does CvSvS(ψ(vs, aR), vS). Altogether, these facts imply that for small

enough aR, Equation (73) must be met, as required.

Consider RS(θ2)
RS(θ1)

< a∗R and set aR = RS(θ2)
RS(θ1)

.156 This implies ψvS(vS, aR) < ψvS(vS; θ3) for

all vS ∈ E = [max{vcS(θ3), vcS(aR)},min{v̄S(θ3), v̄S(aR)}]. Let me adapt the definitions of

the sets Ξ1,Ξ2 in the proof of Theorem 3 in Appendix C as Ξ1 = {vS ∈ E : ψ(vS; aR) <

ψ(vS; θ3)∧SS(vS; aR) > SS(vS; θ3)}, Ξ2 = {vS ∈ E : ψ(vS; aR) ≤ ψ(vS; θ3)∧SS(vS; aR) ≥
SS(vS; θ3)}. It follows trivially that if v ∈ Ξ2 then [v,min{v̄S(θ3), v̄S(aR)}] ⊂ Ξ1. Compar-

ing the triples (RS(θ3), RS(θ1), ψ(·;RS(θ3)) and (RS(θ3), RS(θ1), ψ(·; θ3) it becomes clear

that they meet the strong impossibility property (see Definition 14).157 Therefore, Lem-

mas 10—15 can be applied directly. From the definition of ψ(·, aR) follows that PS(·, aR) =

156This can be always achieved by setting A to be sufficiently high, because RS(θ3) = 0 if π(0, 0; θ1) +
A− cM ≥ πS(1, 1)− cS by the efficiency of equilibrium.

157Recall that Assumption 4 implies that SS(0;RS(θ3)) = SS(0; θ3)) = RS(θ3).
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PS(·; θ1), because aR = RS(θ2)
RS(θ1)

; thus it must be the case that PS(vS; θ3) ≤ PS(vS; θ1) for

all vS ∈ [max{vcS(θ3), vcS(aR)}, 1]. Assumption 4 implies that PS(vcS) = 0, and thus

vcS(θ3) ≥ vcS(θ1). Inspecting Equation (9) gives wRS (θ3) = wS(1; θ3) − wS(vS(θ3); θ3) <

wS(1; θ1)− wS(vS(θ3); θ1) + wS(vS(θ3); θ1)− wS(vS(θ1); θ1) = wRS (θ1), as required.
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